AMERICAN 
JOURNAL of PHYSICS 


(Formerly THe AMERICAN Puysics TEACHER) 


A Journal Devoted to the Instructional and Cultural Aspects of Physical Science 


VotumME 10 


OCTOBER, 1942 


Numser 5 


The Betatron 


D. W. KERstT 
University of Illinois, Urbana, Illinois 


ROM the experiments of the past eleven 
years and from a few still earlier experi- 
ments, a great deal has been learned about the 
phenomena of nuclear disintegration, especially 
about disintegration that is artificially produced 
when nuclear particles are forced together so 
that some degree of interpenetration occurs. 
Since the nuclei of atoms are positively charged, 
the large repulsive forces arising from a very 
close approach of another positively charged 
particle must be overcome before penetration 
can take place. One cannot take hold of or push 
directly on individual nuclear particles; the 
only successful method of exerting large forces 
on them is to bombard them with other nuclear 
particles having large kinetic energies. Charged 
nuclei, or positive ions, of one variety are ac- 
celerated in a high voltage vacuum tube in which 
the electrodes are arranged so as to propel the 
ions toward a target material containing the 
nuclear particles which are to be bombarded. 
It is common in these artificial disintegration 
experiments to attain forces as large as 20 Ibwt 
between individual nuclei during the impact 
process. This force is far beyond the range of 
those which occur between the particles of 
matter in the most intense compression that can 
be produced by other means. 
It is only in the case of the neutron—the un- 
charged nuclear particle with approximately the 


same mass as the proton—that penetration into 
other nuclei occurs easily, and this is because 
there is no electrical repulsion to be overcome. 

Certain disintegrations will not occur unless 
the kinetic energy brought to the collision by the 
high speed particle exceeds a certain value. It 
is mainly for this reason that if disintegrations 
are to be effected by electrons or by the x-rays 
which they produce, the electrons must have 
very high energy. 

The nuclear physicists who have become high 
voltage experts in order to carry out these dis- 
integration experiments make use of several 
varieties of apparatus to impart large energies to 
small particles. Except for disintegrations pro- 
duced by particles from naturally radioactive 
substances, the equipment usually used for 
producing high speed particles has been either 
a linear accelerator or a cyclotron. In the 
linear accelerator the charged particles are 
pushed from electrode to electrode down the 
axis of a long vacuum tube. The electrodes 
generally are hollow cylinders maintained at 
successively higher voltages. The voltage is 
supplied either by a large transformer-rectifier 
combination or by the Van de Graaff type of 
electrostatic generator, which charges an elec- 
trode to a high potential by means of long moving 
belts. One end of the accelerating tube is con- 
nected to this high voltage electrode, and the 
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other end is usually at ground potential. The 
electrostatic accelerator has been developed to 
such an extent that it can produce a potential 
difference of about 4.5 X 10® v when it is confined 
in a tank no larger than 5.5 ft in diameter and 
22 ft long, provided air at the high pressure of 
about 100 Ib/in.? is used to insulate the high 
voltage terminal. 

The linear accelerator supplied by an electro- 
static generator has been used to some extent 
for the study of nuclear reactions produced by 
electrons and x-rays having energies up to 
3X10® ev, or about 5X10-* erg, but it has been 
chiefly employed with positive ions. Although 
there are numerous nuclear reactions, called 
photodisintegrations, that can be effected by 
x-ray bombardment, they require, on the average, 
from 6X10® to 8X10® ev of energy before the 
reaction can proceed. For experiments on these 
reactions, energies greater than those obtainable 
from the electrostatic generator are necessary. 

In the cyclotron the positive ions do not follow 
a linear path. Instead, they are bent by a uni- 
directional magnetic field into a spiral path and 
are accelerated back and forth between two dee- 
shaped hollow metal electrodes between which 
there is an alternating potential difference 
maintained by a high voltage, high frequency 
oscillating circuit. The final kinetic energy which 
the positive ions thus acquire is the product of 
the number of elementary charges on the ion, 
the number of transits from dee to dee and the 
voltage between dees. With such apparatus 
deuterons have been accelerated until they have 
energies of 16.510® ev, which corresponds to a 
much larger voltage than can at present be 
produced on a single insulated electrode such as 
that used on the electrostatic generator. 

However, the great accelerating effect of the 
cyclotron cannot be applied to electrons. The 
reason lies in the onset of pronounced relativistic 
behavior of the electron when its kinetic energy 
is still very small. A particle behaves in a dis- 
tinctly relativistic manner when its kinetic 
energy approaches or exceeds the energy equiva- 
lent to its rest mass. For example, the rest mass 
of a proton is equivalent to about 10° ev; hence 
a proton having this kinetic energy would show 
pronounced relativistic behavior. On the other 
hand, an electron, with a rest mass equivalent 
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to only 5X10* ev, will behave relativistically 
when its kinetic energy is this small, for it will 
then be traveling at approximately nine-tenths 
of its upper speed limit, which is the speed of 
light. Now, one of the requirements in the 
operation of a cyclotron is that the speed of the 
accelerated particle increase in proportion to the 
square root of the number, of transits between 
dees, and it is impossible for an electron that is 
close to its upper speed limit to fulfill this condi- 
tion. Consequently, a cyclotron could be used 
for electrons only if the kinetic energy of the 
electrons were kept well below half a million 
electron volts. 

Fortunately, there is now available another 
device—the betatron—the operation of which is 
independent of whether the behavior of the 
accelerated particles is relativistic or classical. 
The energy which the new betatron gives to 
electrons is 2010® ev. With such high energy 
electrons one can generate extremely energetic 
x-rays, and the nuclear photodisintegration 
effects, requiring about 610° to 8X10® ev, 
can be produced. Generally speaking, in photo- 
disintegration an x-ray or y-ray photon of 
energy greater than the binding energy of a 
neutron within the target nucleus reacts with 
that nucleus and ejects the neutron in somewhat 
the same way as an electron is ejected from the 
cathode in an ordinary photoelectric cell. The 
resulting nucleus is frequently radioactive; in 
this case the binding energy of the undisinte- 
grated nucleus can be easily determined by 
finding the energy that the betatron must 
give to the bombarding electrons in order that 
the production of radioactive material may begin. 
The electrons themselves can also be used di- 
rectly to eject the neutron, for the nucleus 
responds to the passage of an electron with its 
associated electric field as it does to the passage 
of a high energy photon, although to a lesser 
extent. 

Since the betatron is a source of highly pene- 
trating x-rays and of electrons of energy so 
great that they can penetrate approximately 
halfway through the human body, the uses to 
which the device can be put are not only experi- 
mental but very practical. X-rays are widely 
used in numerous practical ways industrially, 
as well as in therapeutics, and the radiations 
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from the betatron are more penetrating than 
any others which have been produced. 

The high energy electrons which escape from 
the betatron by scattering from the x-ray target 
form a very intense but somewhat divergent 
beam. Such high energy electrons when sent 
into the human body would produce a trail of 
ionization having the same destructive effect 
as x-rays, which are at present used for therapy 
of deep tissue. One of the disadvantages of 
x-rays is that they are not completely absorbed 
within the body; they penetrate it completely 
and thus produce a biological effect at the sur- 
face of emergence as well as at the entrance 
surface and in the tissue under treatment. In 
fact, various technics are used in an attempt to 
create an optimum amount of ionization in the 
deep-lying malignant tissue. A penetrating 
beam of electrons does not have this disad- 
vantage, for its range is finite and proportional 
to the energy of the electrons. Electrons of 
energy 2X10’ ev from the betatron would 
penetrate 10 cm into the body and no more, 
and Dr. Philip Morrison estimates that such a 
beam would produce maximum ionization at 
about 7 or 8 cm below the entrance surface of 


Mog netic Flux 


221 


the body. This means that the damage produced 
by an electron beam can probably be localized 
fairly well in the tissue under treatment; a 
smaller amount of damage would be done in 
the entrance side of the body and none at all 
beyond the tissue irradiated. When a method 
other than scattering from a target is installed 
for bringing out the beam of electrons, the latter 
will be more homogeneous and less divergent, 
which will make the betatron more applicable 
to this very practical problem. 


OPERATION OF THE BETATRON 


The betatron looks in some respects like a 
miniature cyclotron, since it is a magnetic 
device; but it operates with an alternating 
instead of a unidirectional magnetic field. The 
theory of the betatron shows that the appreciable 
relativistic effects encountered when the electrons 
approach the speed of light do not hinder the 
operation in any way.’ Electrons from an elec- 
tron gun, called the injector, are shot into a 
circular path in a magnetic field of low intensity. 


1D. W. Kerst, Phys. Rev. 60, 47 (1941); D. W. Kerst and 
R. Serber, Phys. Rev. 60, 53 (1941). 


Target injector Shreld 


H-Curve (Magnetic field 
Current) 


180 Cycles ,A-C. 


Fic. 1. The vacuum doughnut in which the electrons are accelerated. Electrons 
passing from the injector to the equilibrium orbit actually circle the tube many 
times before reaching the orbit. The same is true for electrons leaving the orbit 
to hit the target. Electrons are injected at A and the orbit is expanded at B in every 


cycle. 
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As these electrons circulate between the poles 
of the magnet, the magnetic field is increased, 
and the time-rate of change of flux linking the 
orbit produces an energy gain per complete 
trip equal to that produced by the voltage which 
would be read on a voltmeter connected to a 
one-turn coil placed at the orbit and reading 
instantaneous voltage. 

Figure 1 is a sketch of the circular vacuum 
tube, or “doughnut,” in which the injected 
electrons circulate in the magnetic field many 
times, picking up energy at every revolution, and 
finally strike the target at the back of the in- 
jector, where they produce x-rays. The orbit- 
expanding coils are not energized until after the 
electrons have been accelerated; they disturb 
the flux distribution near the electron path, 
causing the electrons to spiral out of their circu- 
lar orbit to the target. The electrons are injected 
at the time indicated by A on the H curve in 
Fig. 1, and the orbit is expanded to the target 
at the time indicated by B, when the energy is 
maximum. These processes are repeated in each 
cycle. 

The increase in flux linkage supplies momen- 
tum to the electron, and were the magnetic 
field at the orbit of the electron not increasing 
simultaneously, the orbit would become larger 
and larger and the electron would soon strike 
the outer wall of the acceleration chamber. To 
hold the electron in a fixed orbit it is necessary 
to increase the magnetic field intensity H at the 
orbit in proportion to the momentum mv pro- 
duced by the increasing flux linkage. This calls 
for a special distribution of magnetic flux 
density, as we shall see. The radius of curvature r 
of the orbit is related to the momentum of the 
electron and the magnetic field intensity by the 
equation 


mv = (e/c)Hr, (1) 


where e is the electronic charge and c is the speed 
of light. By Newton’s second law the time-rate 
of change of momentum is equal to the force f 
on the electron, or d(mv)/dt=f; and the force f 
is equal to the kinetic energy gained per unit 
length of path, which, assuming that the electron 
orbit has a fixed radius 7, is (e/c)¢/2mr, where @ 
is the magnetic flux linking the orbit. Thus, 
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mom ffar=(e/2are) bat= (6/2re f dd, 


or 
mu = (e/c)(¢—$0)/2zr, (2) 


showing that the momentum is proportional to 
the change of flux within the circular orbit. 
By combining Eqs. (1) and (2) we get 


o—do= 2rrH, (3) 


which shows that if 9 is zero when H is zero, the 
flux @ linking the orbit is proportional to the 
field intensity H at the orbit and must at all 
times have a value twice that which would exist 
if H were uniform within the orbit. 

This result was obtained by making the as- 
sumption that r is constant. Naturally, the 
converse—that is, given this flux distribution, 
then the orbit has a fixed radius—had to be 
established before the accelerator was built. 

No mention has been made of the time de- 
pendence of the flux and of the field intensity. 
It is merely necessary that the flux ¢ increase 
with time and that the intensity H increase 
proportionately. This is easily accomplished by 
having both H and ¢ produced in aff air gap 
by the same magnetic circuit. In practice the 
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Fic. 2. The force F.[=mv?/r] is the centripetal force 
required to hold the electron in a circle of radius 7; 
Fo = (e/c)Hov] is the magnetic force which is actually 
applied to the electron. The equilibrium orbit is at ro. 
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Fic. 3. The new 20-Mev betatron. The light showing in the 
doughnut between the poles is from the injector. 


magnet and its coils correspond to an inductance 
in a resonant circuit. A great number of con- 
densers are employed to produce resonance at 
the desired frequency. For the original betatron 
made at the University of Illinois a frequency of 
600 cycle/sec was used, and 180 cycle/sec is 
used for the University’s 20-million volt betatron 
subsequently made during a leave of absence 
at the General Electric Company. 

The requirement for the production of a beam 
of electrons in the accelerator is that stray or 
scattered particles deflected from the desired 
orbit by encounters with the residual gas mole- 
cules in the vacuum chamber be brought back 
to the orbit by means of focusing forces. The 
stray electron must oscillate about this orbit, 
called the equilibrium orbit, with a decreasing 
amplitude of oscillation, or the damping must 
be so great that the electron never crosses the 
equilibrium orbit. 

By shaping the magnetic field properly the 
conditions for oscillation can be fulfilled. 
For axial oscillations to occur the magnetic 
lines of force must bulge outwardly between the 
poles. Then, if the electron deviates from the 
median plane it finds itself in a magnetic field 
with a slight radial component. This radial 
component is oppositely directed on opposite 
sides of the median plane, and it forces the 
electron back toward this plane no matter which 
way the displacement occurs. To make the field 
bulge outwardly between the poles it is merely 
necessary to have the air gap increase with 
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increasing radius. In practice this is done by 
making the pole faces approximately conical, 
except for a slight lip at the rim of each pole 
face to correct for the rapid drop in field intensity 
which occurs at this point. 

The condition for radial oscillation is that the 
magnetic field intensity must not decrease more 
rapidly than 1/r. This can be understood from 
the curve in Fig. 2, which shows the centripetal 
force F, required to hold the electron in the 
orbit of radius 7, as a function of 7. This is a 
hyperbolic curve, since F.=mv*/r. The force 
F,, which is supplied by the magnetic field is 
F,,=(e/c)Hv. In the existing betatrons the 
change in v is so slight during several focusing 
oscillations that it can be ignored for the present. 
Consequently, if F,,, and hence H, has the radial 
dependence shown by the second curve of Fig. 2, 
it will supply more than the required centripetal 
force F. when r¢ is greater than ro and less when 
r is smaller than ro. Should an electron be outside 
the equilibrium orbit, it would be in a region 
where the magnetic field intensity is larger than 
that necessary to produce a circular path. The 
electron would therefore swerve in toward the 
equilibrium orbit and on crossing it would find 
itself in the region where the magnetic field does 
not quite supply the required centripetal force; 
so the electron would again move outward. This 
oscillation about the equilibrium orbit eventually 
dies out. The reduction in the amplitude of 
oscillation is a result of the increase in the mag- 
netic field intensity during the period of oscilla- 
tion, for the amplitude is proportional to H-}. 
This effect of increasing the field intensity is 
somewhat analogous to that of stiffening a 
spring which supports an oscillating mass. The 
damping properties of the increasing magnetic 
field make possible the whole process of injecting 
electrons in such a manner that they are trapped 
in a fixed orbit. 

These axial and radial focusing actions com- 
bine to form a minute electron beam which 
strikes the target in a small focal spot. The x-rays 
produced cast very sharp shadows because they 
come from practically a point source. The target 
is not melted by the fine electron beam because 
the latter constitutes a very small current. 
Approximately 1 vamp in the 20-Mev betatron 
suffices to produce 16 r/min at 1-m distance. At 
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an energy of 2X10’ ev the efficiency of x-ray 
production is so great that about 65 percent of 
the electron beam energy is converted into x-rays 
and only the remainder into heat in the target. 

The new accelerator, shown in Fig. 3, has a 
pole face 19 in. in diameter and an equilibrium 
orbit of radius 7.5 in. The magnetic structure is 
only 3 ft high and 5 ft long; but it weighs about 
3.5 tons. The operating power required to pro- 
duce electron energies of 2107 ev at an oscil- 
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lating frequency of 180 cycle/sec is about 25 kw. 
Cooling of the magnetic circuit is provided by 
the blower which can be seen at the base of the 
magnet. 

Not only is this accelerator capable of pro- 
ducing the usual x-ray effects with rays of 
greater penetration, but the radioactivity pro- 
duced by photodisintegration in numerous sub- 
stances has been observed, and the energy is 
sufficient for some small-scale cosmic-ray effects. 


Yale University, New Haven, Connecticut 





1. STATEMENT OF THE PROBLEM 


HE study of probability is making increasing 
claims upon the attention of the physicist. 
Among other things, quantum theory has forced 
him to regard the discipline as an irreducible 
constituent of his universe of discourse. It is 
natural, therefore, that he should wonder about 
its meaning and turn to its creators—the mathe- 
matician and the philosopher—for its credentials. 
If these credentials were good, the physicist 
would find it easier to accept probability as an 
ultimate element of his theories, just as long ago 
he has accepted number, variable, derivative, 
integral and group. Unfortunately, the creden- 
tials are equivocal. 

Difficulties arise from the fact that the rules 
of the probability calculus, as they are used in 
the various applied sciences, are deducible from 
several discordant sets of axioms. The rules are 
unique and thus leave no uncertainty as to the 
pragmatic aspects of the problem; but the axioms 
define the meaning of probability, and a multi- 
plicity of axioms implies a multiplicity of 
meanings. As a consequence, debate centers 
around the definition of probability. 

Two extreme positions mark the limits of the 
range of attitudes which may be taken with 
respect to the meaning of the term in question: 
the first is held by the subjective school which 
regards probability as a reasonable degree of 





belief, based on evidence; the second is the 
doctrine of the frequency school which asserts that 
the term is meaningless unless it is understood as 
the quotient of two integers, the number of 
favorable cases divided by the total number of 
cases in a given series of events.! According to 
the subjective view, the numerical Values of 
probabilities are fixed prior to observation; the 
frequency formulation does not permit evalu- 
ation except by empirical inspection of a given 
aggregate of events. More significantly, however, 
the extreme subjective view renders probabilities 
intrinsically unmeasurable, whereas the fre- 
quency definition yields automatically a satis- 
factory measure. Finally, the subjective view 
imparts meaning to such notions as the prob- 
ability of a single event, or of a given theory, 
whereas the other view, being limited to aggre- 
gates of events, is incompetent to validate these 
terms. Clearly it seems that the physicist must 
take a stand on these questions. 

The pages of this journal have occasionally 
presented interesting comments designed to 
reach and outline definite positions. G. Bergmann? 
speaks for a large number of investigators who 
feel that subjective concepts have no place in an 


1 For details, see E. Nagel, ‘‘Principles of the Theory of 
Probability,’’ Foundations of the Unity of Science, vol. I, 
No. 6; R. B. Lindsay and H. Margenau, Foundations of 
physics (Wiley, 1936). 
2G. Bergmann, Am. J. Phys. 9, 263 (1941). 
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ROLE OF DEFINITIONS 


exact theory and that the only hope for physics 
is toembrace the frequency formulation. Kemble,’ 
on the other hand, concludes from the presence 
of instances within physical theory where the 
literal interpretation of the frequency notion 
fails, that room must be made for the degree-of- 
belief definition at various places. The reader is 
usually left with the impression that the situation 
with respect to probability in physics is in some 
sense deplorable because the investigator is 
called upon to use the concept in different senses 
under different conditions. One is persuaded to 
believe that the unity of the term, and hence its 
very integrity, are somehow jeopardized by a 
conflicting variety of applications. 

Such conclusions, while valid in fact, distort 
the issue because of the isolation in which the 
meaning of probability is being examined. It is 
the purpose of this article to show how a larger 
and, we believe, more penetrating view of the 
matter may be obtained by placing the problem 
within the wider content of physical methodology. 
It will appear that the situation of multiple 
definition of physical constructs is not only 
common in all theories, and hence tolerable, but 
is necessary indeed as the very condition for 
scientific reasoning. The contingency of inter- 
locking meanings will be recognized, not as a 
defect, but as the fortunate circumstance which 
permits relations between constructs to be 
formed and hence theories to be established. A 
proper place will be assigned to the axiom of 
“testability”; its bearing upon the elements of 
the physical universe, including probability, is 
never absent; in particular, there appears to be 
no fundamental sense in which probability, as 
used in physics, forces a renunciation of the 
axiom. In this last respect the conclusions of the 
present analysis differ from Kemble’s.* 

The first task, then, is to sketch briefly the 
role of definitions in physical science. But, since 
it is impossible meaningfully to discuss defini- 
tions without reference to the character of what 
is to be defined, it is indispensable to insert a few 
remarks about the general metaphysical back- 
ground—or at least terminology—underlying, 
and providing the direction for, this task. For the 
times are past in which the physicist gave ear to 


3 E. Kemble, Am. J. Phys. 10, 6 (1942). 
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the unsophisticated realist who regarded it as 
the business of definition to “describe” the 
elements of an ‘‘objective” world to which he, as 
a percipient subject, believed himself exposed. 
The subject-object polarity, having long ago 
failed in philosophy, has been given its most 
decisive blow in modern physics itself, as is 
clearly seen in the quantum theory of measure- 
ment. A somewhat less rigid and more articulate 
framework is needed in constructing and sur- 
veying physical theory. 


2. METAPHYSICAL BACKGROUND 


This section contains a very inadequate sum- 
mary of methodological considerations regarding 
the cognitive structure of the physicist’s universe, 
some of which have been published at greater 
length elsewhere.‘ No appeal for their acceptance 
will here be made, except insofar as they are 
essential in the analysis of the problem at hand. 
Philosophically dissident readers might view 
them as introducing a perhaps somewhat unor- 
thodox vocabulary. 

The contents of the physical universe may be 
divided into two large classes: one to be called 
nature, the other the class of constructs (or sym- 
bolic constructs, or constructs of explanation). 
Nature is the field of momentary perception, the 
field of spontaneously emergent fact that forms 
the starting point of all physical investigation; 
it is well described by Kant’s poetic phrase, ‘‘the 
rhapsody of perceptions.’’ Over against the field 
of nature we build with complete logical freedom 
a system of constructs, the material for which is 
not wholly given in perception. Rules of cor- 
respondence—sometimes applied intuitively and 
without conscious effort, asin the linkage between 
a given complex of sensations and the construct 
“external object,’’ sometimes imposed by de- 
liberate judgment or by convention as in the 
association between the sensation of inertia and 
the construct of mass—are the intermediaries 
between the two fields. In addition to being 
termini of such correspondences, valid constructs 
must satisfy certain methodological requirements 
—permanence, extensibility, causality, simplicity 


4 (a) H. Margenau, Phil. Sci. 2, 48 (1935) ; 2, 164 (1935) ; 
(b) Rev. Mod. Phys. 13, 176 (1941). 
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which need not be illuminated here. Physical 
explanation, carried on through valid theory, is 
the process of establishing reversible transitions 
from the field of nature into that of constructs, 
and back. Reality is not to be bestowed on either 
the data of nature or the constructs alone; both 
together, in their totality and in their linkage, 
make up the physicist’s universe. The notion of 
“the other human being”’ or “the other mind”’ 
arises in this metaphysical scheme in precisely 
the same way that the idea of ‘‘external object”’ 
appears: it has the rank and the status of a 
construct of explanation, a remark that goes as 
far in satisfying the query as to existence or 
reality of other beings as it is rationally possible 
to go. 

Having divested ourselves of all desire to make 
pronouncements concerning what things really 
are, we now go about our world of sense data and 
constructs to see how definitions function, that 
is, how meanings are imparted to terms. The 
matter is simple in connection with the data of 
nature: there is but one way to define the sen- 
sation blue, namely, that of having it. Percep- 
tions are defined denotatively, by inspection; and 
this is the character of definition as it is practiced 
upon every element of nature, and upon nature 
as a whole (in the sense in which nature is here 
used). But the simplicity of the matter is lost 
when the inquiry is directed to the realm of 
constructs. 

Constructs may be classified in a number of 
ways. From the present point of view the follow- 
ing is most illuminating and most relevant. 
Among the class of constructs we find some to 
which measurable values can be affixed, which 
are capable of extensive description. These are 
usually called, and will here be called, physical 
quantities. There are others, not susceptible of 
measurement in a quantitative sense, and com- 
monly considered as the ‘‘carriers’’ of measurable 
properties (quantities); these are often called 
physical objects but will here be called, in con- 
formity with the author’s former custom, 
physical systems. The reason for this usage lies 
in our wish to avoid the unwholesome effect 
which the epistemological flavor of the word 
object would produce, for we doubt that the 
electron, which is a physical system, is any more 
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objective than a noise we hear.® Besides quan- 
tities and systems there are other types of 
construct, such as collections of quantities called 
states of physical systems. But, from the point 
of view of definitional procedures, these behave 
in essentially the same way as quantities and 
need not, therefore, be of special concern in this 
discussion. In the following discussion, emphasis 
will thus be placed principally upon the two 
types of construct—physical quantities and 
physical systems. To give specific examples of 
quantities we refer to length, mass, energy, 
momentum; examples of systems are rock, 
crystal, magnet, liquid, molecule, atom, electron. 


3. THE DEFINITION OF PHYSICAL CONSTRUCTS 


As already noted, the manifold of methods for 
defining different constructs (for example, speed 
on the one hand, electron on the other) as well 
as the abundance of ways of defining a single one 
(for example, mass) defy submission to a general, 
all-embracive scheme. But in this bewildering 
array of possibilities, reflective thought is likely, 
without artificial discrimination, to seize upon 
two modes of definition as peculiarly antithetic, 
as standing at extreme ends of the «ange of 
possible procedures. To avoid circumlocutions, 
we shall assign names to them before explain- 
ing their significance: one will be called the 
operational, the other, the constitutive mode of 
definition. 

For illustration, consider the quantitative 
construct, electric field strength E. It is capable of 
operational definition in some such way as this: 
E, at the point in question, is the acceleration 
per unit charge possessed by an electrically 
positive particle of unit mass placed at the point. 
This definition fixes, first of all, a number and 
then passes beyond that number by constructing 
and substantiating an entity to which the 
number adheres, namely, the construct E. Quite 
as much significance, however, attaches to some 
such statement as the following: E is every 
quantity which has the property of satisfying 
Maxwell’s equations, the latter now being used 
as the vehicle for defining the quantity E. It is 


5 There is of course no law against using such terms as 
subjective and objective in any manner one sees fit to devise. 
The danger arises only when one argues that such a dis- 
tinction lies ‘tin the nature of things.” 
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true that the abstract character of this latter 
proposition, which exemplifies the constitutive 
definition here in reference, prevents it from 
having much pedagogic value and hence from 
being widely used; its logical sufficiency, how- 
ever, can hardly be in doubt. There are several 
other possible operational definitions of E, and 
many other constitutive ones, as every physicist 
knows. Perhaps it is not always easy to decide 
whether a given definitory statement is opera- 
tional or constitutive because every successful 
operational proposition already implies con- 
stitutive knowledge and is intentionally so 
phrased as to be constitutively useful. But the 
element of immediate appeal to nature is usually 
sO apparent in the operational definition as to 
set it apart, methodologically, from the other 
type. The issue would be completely obscured 
if the concept operation, as it is here used, were 
extended beyond the realm of experimental 
operations to include mental operations as well. 
This diffusion of meaning does, to be sure, 
render almost all definitions operational, thereby 
creating the semblance of a uniform principle 
pervading the entire field of physical method- 
ology. Unfortunately, however, in so diluting 
itself the argument loses all strength; it violates 
in particular the positivistic maxim of sig- 
nificance which assigns meaning, not to all 
propositions that may be said to be true, but 
only to those whose negation is testable. Clearly, 
every human act is either physical or mental, or 
a combination of the two, and if by an operation 
we mean either a physical or a mental one, the 
statement that a definition is not operational 
involves an internal contradiction. It is for this 
reason that the term operation will here be 
limited to designate experimental operations only. 

No definition can be internally closed unless it 
be circular. It therefore does no harm to the 
present argument if the reader finds a statement, 
designed to portray the meaning of a given 
construct, referring to other undefined con- 
structs or to data. Every attempt to avoid a 
hierarchial arrangement of constructs is doomed 
to futility because it violates a fundamental rule 
of cognition. Hence it is unavoidable that many 
constitutive definitions, such as ‘‘speed is the 
time rate of change of distance,”’ quite patently 
exhibit reference to constructs which the physicist 
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traditionally regards as operationally given. The 
difference can in some cases become quite vague, 
and arbitrary fixation may be needed to stabilize 
terminology. In the present discussion definitions 
such as that just mentioned will be called 
constitutive. 

A distinction identical with that here made 
was advocated in earlier publications.‘ To clarify 
the record it should be pointed out that what is 
now termed the operational definition was then 
called epistemic; the change is prompted by a 
realization of the needlessness of introducing so 
unaccustomed a word into the physical vocabu- 
lary. The original choice was made because of the 
vagueness of the term operational, a vagueness 
against which the restriction of meaning to 
experimental or manipulative operations is 
probably a sufficient guard. 

Perhaps it is of interest further to exemplify 
the distinction between the two types of defini- 
tion. Let us sketch, then, a few instances in con- 
nection with some elementary quantities of 
mechanics. It will be seen how the textbook 
definitions fluctuate between the two types, 
their aim being simplicity and convenience. 

(a) The operational definition of length may 
be in terms of properly subdivided rigid rods or 
in terms of clocks and light signals. Note that 
the operations are not chosen at random but 
always with an eye on specific theories and 
assumptions. The first for example, would be 
logically meaningful even if supposedly rigid rods 
behaved like rubber bands, but it would not be 
physically valid.6 An extreme form of consti- 
tutive definition of the term length is rarely 
attempted in physics. It is closely connected 
with the notion of space and would depend quite 
essentially on one’s attitude toward the,problem 
of relational versus absolute space, an issue that 
is currently of little interest to physicists, pre- 
sumably because of their absorption in more vital 
matters. In limited contexts, constitutive def- 
initions of length are available, as for instance: 
the length of a cube is the third root of its 
volume. A statement of this form may seem too 
trivial to be regarded as a definition at all. It is 
indeed one of limited validity, but nevertheless 
is a possible definition. 


6 See reference 4 for a discussion of the conditions under 
which constructs are valid. 








(b) With respect to time the situation is very 
similar to the foregoing. The operational defini- 
tion by means of a standard clock is simple, 
whereas the constitutive one, again rarely 
attempted by physicists, is intermingled with 
numerous epistemological matters which at 
present still transcend the traditional field of 
exact science. Quite common is the attitude 
which takes time as a ‘‘fundamental,’’ undefined 
quantity, the meaning of which is intuitively 
given by inspection. This amounts toa denotative 
definition which defines time as part of nature 
but not as a construct. The person who uses this 
method ignores the difference between the 
sensed time of immediate consciousness and the 
public time of physics, or else he trusts that the 
transition from the one to the other will occur 
as a matter of course in his listener. 

(c) Speed is almost universally defined as 
ds/dt, the time-rate of change of length or 
distance. This is clearly constitutive, the opera- 
tional definition by means of suitably con- 
structed speedometers being uninteresting. 

(d) With regard to acceleration, the situation 
is the same as it is for speed. 

(e) In the case of mass, a constitutive defi- 
nition is readily at hand. It may be said to be 
force per unit acceleration, or, under suitable 
restrictions, a quantity proportional to weight.’ 
Here a good and sufficiently general operational 
definition happens to be more difficult. Its details 
are involved and not compressible into a short 
space; it was first given by Mach and may be 
found in a number of textbooks.® 

(f) Force may be defined operationally by 
means of spring balances, or by neutralizing 
force by weight, and in many other ways. A 
(limited) constitutive definition is inherent in 
Newton’s second law: force is mass times 
acceleration. 

In closing this survey one is inclined to urge 
leniency in condemning propositions as not being 


7 Technical precision is not contemplated here. Nor do 
we pay any attention to the more artificial question of 
physical dimensions, which is logically quite uninteresting. 

8 (a) E. Mach, The science of mechanics (Open Court, 
1893), pp. 187-225; (b) Lindsay and Margenau, reference 
1, p. 91. Closer analysis of Mach’s definition shows it to 
be constitutive insofar as it defines relative mass as the 
negative ratio of two accelerations. It is operational if the 
accelerations are taken as immediately observed mag- 
nitudes. 
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satisfactory definitions. ‘‘That is not a definition” 
is perhaps too frequent a comment in elementary 
physics classes. What is meant is likely to be: 
“that is not the order in which you have been 
taught to define this quantity.’’ The foregoing 
analysis, it is hoped, will show that dogmatism is 
entirely out of place in an attempt to sys- 
tematize the procedures used in defining physical 
constructs. 

In Sec. 2, a distinction was made between 
constructs called quantities and constructs called 
physical systems. It is interesting to note that 
these two types display certain differences also 
from the point of view now reached with respect 
to the systematics of definition. Every quantity 
is capable of both operational and constitutive 
definition; in fact, it will be seen subsequently 
that this dual possibility represents an essential 
criterion in the assignment of meaning to physical 
quantities. Systems, on the other hand, are, 
strictly speaking, never susceptible of opera- 
tional definition. There are, to be sure, empirical 
tests for the presence of hydrogen atoms, or for 
ascertaining whether a given object is a crystal; 
but these invariably discriminate first quantity, 
indeed a plurality of quantities, whence the 
presence of the system is then inferred. Be it 
said, however, that this assertion presumes the 
acceptance on the part of the reader of rather 
delicate differences in the shades of meanings, 
and will therefore not be pressed. It is not 
wholly relevant to the subsequent developments. 


4. INTERPLAY BETWEEN OPERATIONAL 
AND CONSTITUTIVE DEFINITIONS 


An operational definition, when viewed from 
another vantage point, is a particularly useful 
and common specimen of that class of epistemo- 
logical relations formerly called ‘‘rules of cor- 
respondence.” The reader will perhaps remember 
that these rules of correspondence are the inter- 
mediaries between nature and constructs. Re- 
moval of all operational definitions would sever 
the most vital bonds between perception and 
comprehension, it would break the contact 
between theory and observation. 

But just as important as the transition from 
nature to constructs, which is performed through 
these operational statements, is the further 
propulsion of inquiry from the more immediate 
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and sensible‘ constructs towards the more 
abstract ones in terms of which understanding 
and explanation are ultimately achieved. It is to 
enable this further penetration that constitutive 
definitions are required. Thus it comes about 
that every construct of physics, no matter how 
abstract, is tied by definitory relations, first of 
the constitutive and finally of the operational 
kind, to the fertile field of perception. This, and 
only this, is the meaning of the common assertion 
that every physical concept must be ‘‘verifiable.”’ 
No greater error can be made than to insist on 
an immediate operational definition for every 
physical construct, for this attitude would lead 
one to discard some of the most essential and 
beautiful elements of modern theory; it promotes 
and condones one of the most uncritical and 
unprofitable of modern verbalisms, namely, the 
statement that things like matrices, y-functions, 
and so forth, are mere ‘‘Rechengréssen,’’ auxiliary 
devices for performing calculations but them- 
selves devoid of “‘real’’ significance. In the face 
of such crudities one wonders why the opposite 
assertion, namely, that an electric calculating 
machine is an integral part of physical theories, 
has not been proposed. 

To put the matter briefly: if only operational 
definitions are retained in a science such as 
physics, the logical linkage between constructs 
disappears and theoretical physics becomes 
impossible. If only constitutive definitions are 
retained, contact with observation is broken. 
One allows measurement, the other makes reason- 
ing possible; interplay between the two is a most 
important phenomenon from the methodological 
point of view. 

It should now be clear that a construct does 
not lose its operational significance when use is 
made of one of its constitutive definitions, a fact 
which is frequently overlooked, for example, in 
logical appraisals of the probability idea. To use 
simpler examples: no violence is done to the 
operational meaning of length when the length 
of a square is computed from its area, or to the 
operational meaning of mass when the mass of 
a body is derived from its density and its volume. 
Indeed, in such procedures the operational defi- 
nition hovers, as it were, in the background, ever 
ready to confer validity upon their results by 
allowing immediate recourse to nature: having 
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computed the length, one can measure it with a 
rigid rod; having computed the mass, one can 
determine it by means of any of the available 
operational methods. Validity of constructs 
cannot be secured by procedures that do not, 
somewhere, involve an operational definition. 
But the relation need not be as simple or as 
direct as in these two examples. One may, on the 
basis of the quantum theory, calculate the 
wave-length of light emitted under certain con- 
ditions by a certain atom. This wave-length has 
been deduced by methods not involving the 
operational definition of ordinary length; the 
construct is in fact such as to defy the blunt 
application of rods. It is linked, however, through 
further constitutive definitions, embedded as 
always in specific valid theories, to ultimate 
experimental operations such as the measure- 
ment of a spectral line on a photographic plate. 
Were it not for the intervention of numerous 
constitutive definitions the construct in question 
would never be recognized as a length, for 
operational procedures alone cannot engender 
those logical relations which permit constructs 
to be discerned as generically identical, as 
implying one another, and so forth. 

The act of calculating a quantity on the basis 
of a theory does not abrogate the operational 
definition of that quantity; it in no way affects it. 
Nevertheless, the interplay between the two 
types of definition has given rise in modern 
physics to a metaphysical requirement of the 
first importance: that every quantitative con- 
struct, to be acceptable, shall be susceptible of 
both constitutive and final operational definition 
under all conditions of its use. Examples of 
failures, and hence rejection, on either score are 
easily found. Widely noted are cases in which 
constructs were discarded because they could not 
ultimately be related to operations. Simultaneity 
in different inertial systems is a case in point, and 
recognition of this circumstance has done much 
to develop the theory of relativity. ‘‘Size of a 
subatomic particle’ is another case where a 
construct, even after transformation through a 
succession of constitutive definitions, could not 
be given final operational meaning, and it is well 
known how this discovery forms the logical, if 
not the historical, basis for the present particle- 
wave conception of matter. 
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But there are also examples of the opposite 
kind, where physical constructs, designed too 
specifically with operational intent, have been 
abandoned because of their lack of constitutive 
significance. The Aristotelian notion of force 
might be said to be one. Many of the attempts 
to define vis viva were fruitless for this reason. 
Most interesting among them were perhaps the 
efforts of the Cartesians to standardize the 
meaning of vis viva in terms of the time of flight 
of an object thrown in the air, and of their 
opponents, led by Leibniz, to standardize it by 
reference to the distance to which the body will 
rise. As is well known, the first makes vis viva 
proportional to the first power of the initial 
speed of the object, the second to the square 
of this speed. Disagreement vanished when 
D’Alembert denounced both of the constructs 
and laid the basis for the notion of kinetic energy, 
which does possess well-integrated operational 
and constitutive meaning. 

In further elucidation of the stated require- 
ment it should be added that, in the process of 
ultimate empirical checking, a construct may 
undergo various modifications; it need not be 
verified in its original form. The wave-length of 
a photon is not measured in accordance with 
“the” operational definition of length, for there 
are many such definitions. In fact, it is hardly 
measured as a length at all, except in the very 
indirect sense of determining the position of a 
line on a photographic plate. 


5. THE FREQUENCY DEFINITION OF 
PROBABILITY 


The ground is now clear for an unobscured 
perspective of the ‘‘frequency theory” of prob- 
ability, and also for an understanding of the 
objections which have been raised against it. 
First of all, it should be emphasized that the 
central and the disputed part of that ‘‘theory”’ 
is its definition of probability. To fix ideas, 
reference will here be made to the formulation 
of von Mises,’ according to which the probability 
w; of the ith property in a given aggregate of 
events is taken to be 

wi=lim n;/n, 


nxt 


9R. von Mises, Wahrscheinlichkeitsrechnung (Leipzig, 
1931). For a brief exposition, see reference 1 
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where n; is the number of events having the 
property in question, 7 is the total number of 
events, and the aggregate of events is understood 
to be an empirical sequence of events, or ob- 
servations or wilful acts. It is true that not every 
aggregate is such as to permit successful applica- 
tion of the probability calculus, for it must have 
a certain character of randomness which is not 
easy to formulate analytically. It is also true 
that the criterions of randomness as formulated 
by von Mises make the aggregate noncon- 
structible and hence difficult of treatment by 
orthodox mathematical methods. Finally, the 
limit stipulated in the definition of w;, when 
construed in the ordinary sense as the limit of a 
function, does not exist.!° All of these difficulties 
are of a technical nature and involve problems 
of the same sort as those which still beset the 
logical origin of number. They are of fundamental 
interest, but not so much from the point of view 
of physical methodology, and rapid progress is 
being made in their solution.'' They will here be 
disregarded. 

Certainly, the frequency definition is an 
operational one, for it lays the yardstick on 
nature, determines numbers in an a posteriori 
manner and proceeds to label them probabilities. 
And what all the objections to the frequency 
definition—insofar as they do not concern 
the aforementioned technical difficulties—have 
amounted to is the assertion that it, alone, is not 
of sufficient constitutive significance. One may 
well wonder why it was ever expected to be thus 
significant, to be possessed of power which no 
other operational definition in physics shares. As 
long as the experimenter relies solely upon 
lengths given by meter sticks he will fail to 
understand the theorist’s conclusion that the 
distance between the two protons in the hydrogen 
molecule is 0.74 Angstrom unit; constitutive 
definitions, enmeshed in theories, are needed to 
bridge the gap. As it is possible to have theories 
for calculating length without destroying the 


1 The significance of this oft-repeated objection is 
perhaps not as great as is often believed, for it has been 
shown by Borel and by Hardy that the cases for which 
the limit does not exist form a set of measure zero. This 
follows immediately from Hardy’s theorem stating that 
“almost all numbers are normal.” 

1 A. H. Copeland, Trans. Am. Math. Soc. 42, 333 (1937) ; 
Erkenntnis 6, 189 (1936); A. Wald, Ergebnisse eines 
mathematischen Kolloquiums (Vienna) 8, 38 (1937). 
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operational meaning of that construct, so it 
is possible to have theories for calculating 
probabilities without damage to the frequency 
definition. 

For, after all, what is the difference between 
the following two situations? 

(a) Having in mind an operational meaning of 
length, the theoretical physicist nevertheless sets 
out to calculate from first principles—meaning, 
with the use of theories which imply numerous 
specific constitutive formulations of the con- 
struct—the distance between nuclei in a diatomic 
molecule. He then passes through a series of 
deductions and checks his calculation, using, 
finally, an operational definition of length. 

(b) The gambler, keenly aware of the im- 
portance of the frequency formulation of the 
probability concept, nevertheless computes prob- 
abilities by Laplace’s rule, namely, w; is the 
number of cases favorable to the ith property 
divided by the number of ‘‘equipossible’”’ cases. 
If he tests his conclusions, he will not repeat his 
calculation but appeal to the operational defini- 
tion and see. 

Laplace’s rule here functions as a theory based 
on a constitutive definition of probability, whose 
use does not abrogate the operational one. In 
fact, it exhibits the earmark of most other con- 
stitutive definitions encountered previously: 
their specificity, their limitation to particular 
circumstances. The use of Laplace’s rule is some- 
what like the calculation of the diameter of a 
sphere. Its application fails, for example, in 
vital statistics, and it fails for the same reason 
that the formula for the diameter of a sphere in 
terms of its volume does not yield the length of 
a potato. In these instances it is necessary to fall 
back on operational definitions, as the scientist 
always does when valid theories are not at hand. 

The theory of point sets’ has been used with 
profit in probability reasoning. It lays down 
what is essentially another constitutive definition 
of the construct, interpreting it as an additive 
function of a certain point set. Mathematically 
this formulation is particularly elegant; it stands 
to the frequency definition in much the same 


12 A, Kolmogoroff, ‘‘Grundbegriffe der Wahrscheinlich- 
keitsrechnung,”’ Ergebnisse der Mathematik (1933), vol. II; 
H. Cramer, Random variables and probability distributions 
|Cambridge Univ. Press, 1937]. 
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relation as axiomatic Euclidean geometry does 
to scale-measured lengths. But it is a constitutive 
complement rather than an alternative to the 
operational proposition. 

These theories of probability, among others, 
have attracted considerable attention while 
other, specifically physical, theories have rarely 
been considered in this connection. Gibbs’ sta- 
tistics of ensembles, for example, represent a 
highly successful constitutive definition of prob- 
ability of somewhat particularized application. 
It allows calculation of numerical values in an 
a priori manner,’ but it does so in the same sense 
as every other constitutive definition. The model 
to which it refers is an ideal one and not at once 
subject to operational inspection; but in this 
respect, also, it agrees with most other physical 
theories which involve constructs that do not 
immediately expose themselves to operational 
test.% After a series of transformations by 
theorems and constitutive definitions, however, 
the probabilities do submit themselves to opera- 
tional tests in their prediction of average values 
of observable quantities and of fluctuations. 

Kemble,’ in contradistinction to Tolman" and 
to reference 8(b), seeks to derive the theory of 
ensembles from the axioms of mechanics; this 
procedure is tantamount to the reduction of one 
constitutive definition to another; it is a worth- 
while undertaking and is practiced in all branches 
of physics, for it extends and promotes simplicity 
of theories. But in this attempt Kemble is forced, 
according to his own judgment, to introduce at 
some point of his argument the notion of ‘“‘prob- 
ability of a single event.” It is hoped to exhibit 
the inadequacy of this construct in the next 
section by showing that it cannot be operation- 
ally defined. Anticipating it here, one may thus 
say that the endeavor to link the Gibbsian 
ensemble with the postulates of mechanics, 
whether classical or in its quantum form, an 
endeavor whose success would be widely ap- 
plauded, is objectionable as long as it involves 
the methodological sin of using ultraperceptory*™ 
constructs. It is the intuitive realization of this 
usually unstated fact that has prevented ac- 
ceptance of the ergodic hypothesis from being 


13 Cf, distance between the protons in Hoe. 
4R. C. Tolman, The principles of statistical mechanics 
(Oxford, 1938). 
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universal at present. It seems best, then, to 
regard Gibbs’ probability of phase as a special, 
constitutive definition of that term which is valid 
with respect to ensembles. 

Quantum mechanics, too, contains a specific 
definition of probability which is easily seen to 
be of the constitutive type: if y represents the 
state of a system, and 9; is the eigenstate defining 
the ith property, then 


9 


wi= | [ vtedr : 





The tendency to regard this as an axiom is not 
in the least contradictory to the statement here 
made, for axioms are nearly always tantamount 
to definitions. In quantum mechanics, however, 
no need is felt to ‘“deduce”’ the proposition from 
mechanics; in fact, this is known to be impossible. 


6. “PROBABILITY” OF A SINGLE EVENT 


In Sec. 4 attention was drawn to a meta- 
physical principle which seems to regulate all 
phases of successful physical theory. It is the 
rule that every construct must be finally reduc- 
ible to operations, that is, it must be linked 
through constitutive definitions and _ logical 
implications to a symbolic condition capable of 
operational appraisal. Current formulations of 
the notion ‘‘probability of a single event”’ violate 
this rule; indeed, it is difficult to imagine how 
that construct can ever be subject even to an 
indirect empirical test. As long as this situation 
prevails, the notion can claim no more interest 
in physics than the idea of simultaneity in dif- 
ferent inertial frames or the color of an electron. 
If genuine instances of its use are found within 
the framework of an exact science, which in this 
author’s opinion is a matter of serious doubt, 
they should be construed, not as validating the 
construct, but as indicating a need for modifica- 
tion of the hypothesis in which they occur. For 
this, after all, has been the method through 
which, historically, physical science has managed 
to progress. 

Lest the reader feel undue apprehension, it 
should be made clear that many statements 
which verbally imply the probability of a single 
event are not intended in that sense. Thus, when 
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reference is made to the probability that it will 
rain tomorrow, the scientific import of that 
utterance is gained only by incorporating 
“tomorrow” into an aggregate of observations on 
days in the same season, with similar antecedent 
meteorological conditions, and so on. This con- 
text, however, obliterates the single-event illusion 
of the proposition and renders it operationally 
testable. Similarly, when the physicist speaks of 
the probability of an electron’s hitting a specified 
area upon a screen, he is contemplating either an 
aggregate of electrons, including the one under 
consideration, or an aggregate of observations in 
which the same electron, its state always pre- 
pared in the same manner, is allowed to fal! upon 
the screen. 

The point of view presented in this article has 
been evolved from an analysis of theoretical 
procedures in physics; its consequences are 
therefore binding—so long as these procedures 
remain in vogue—upon physical methodology. 
The banishing of a construct like the probability 
of a single event is therefore equivalent to a 
reasoned judgment of its uselessness in ‘exact 
science, not to an assertion that it is meaningless 
or self-contradictory. There is still an egormous 
logical difference between the terms “square 
circle” and ‘‘probability of a single event.”’ 
Admittedly there are occasions when it is prac- 
tically important to form a subjective estimate 
of the chance of a unique event. For this reason, 
investigators are often loath to abandon the 
construct altogether. Nor is it the purpose of 
these remarks to urge such abandonment. The 
suggestion is here made, however, that at least 
a clear conceptual distinction be made between 
the idea of probability as it is and should be used 
in science, and the ultraperceptory notion of the 
probability of a single event. It would be well if 
this distinction were made even verbally: the 
word probability involves, etymologically, the 
reference to something provable, or testable. The 
word likelihood, on the other hand, imparts the 
flavor of the purely subjective. The English 
language has an advantage over others in being 
able to convey this distinction easily. Would it 
not be well, therefore, if meticulous writers were 
to speak of probability in its operational-consti- 
tutive sense, as it dominates science, and to use 
the word likelihood in referring to a single event? 
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A Laboratory Course in X-Rays: Supplementary Experiments 


PAUL KIRKPATRICK 
Stanford University, California 


PREVIOUS paper! described a laboratory 

course in x-ray physics that has been 
developed in the physics department of this 
university. The present article supplements the 
earlier one by descriptions of recent additions 
to the list of experiments in use. These additions 
are, so far as the writer knows, new to pedagogy 
and the original apparatus used in their per- 
formance has not been hitherto described. 


DETERMINATION OF e/m FROM TOTAL 
REFLECTION 


The close relationship of x-rays to more 
familiar optical radiations is illustrated by the 
applicability of nineteenth-century dispersion 
theory to wave-lengths of the order of 1A. 
A. H. Compton? first demonstrated that common 
solids possess refractive indexes for x-rays which 
may be predicted with considerable accuracy by 
electromagnetic theory. Inasmuch as all disper- 
sion theories, from the time of Rayleigh to the 
present, may be written in the same form, with 
only a relatively insignificant correction constant 
requiring modification from one theory to an- 
other, experiments in this field may be usefully 
associated with theoretical discussions that have 
any desirable degree of rigor or sophistication.’ 

For radiations of high frequency the electro- 
magnetic theory identifies the dielectric con- 
stant of a medium with the square of its re- 
fractive index. For frequencies not too near the 
critical frequencies of vibration of the electrons 
it is usual in the elementary treatment to con- 
sider that the motion of these particles results 
only from (i) the electric field of the radiation, 
(ii) binding forces described by Hooke’s law and 
(iii) inertial forces. In such circumstances the 
electron oscillates with the frequency of the 
radiation, producing an oscillatory electrostatic 
polarization in the medium. The electric field 
intensity of the radiation remains proportional 


1 P. Kirkpatrick, Am. J. Phys. 9, 14 (1941). 
2 A. H. Compton, Bull. Nat. Res. Council. 20, 48 (1922). 


3S. A. Korff, and G. Breit, Rev. Mod. Phys. 4, 471 
(1932). 


to the resulting polarization throughout these 
oscillations, and the electric susceptibility, and 
with it the dielectric constant, is therefore fixed 
in value. 

For radiation frequencies that are high com- 
pared to all natural electronic frequencies—a 
possible condition—the theoretical refractive 
index yu is very close to but less than unity and 
may be written u=1—(me?\?/2rmc?), where n is 
the number of electrons per unit volume, e is the 
electron’s charge in esu and m its mass, \ is the 
wave-length and c is the speed of light. It follows 
from ordinary optical relationships that total 
external reflection occurs and that the grazing 
critical angle 6. is well approximated by 


6.2=ne*r2/amc?. (1) 


This equation applies best to substances of 
small atomic number, since our assumption that 
the electronic frequencies are low is best fulfilled 
in atoms having small nuclear binding forces. 
Furthermore, in mediums of large atomic 
numbers, frictional forces on the electrons cannot 
be neglected. For the wave-length corresponding 
to the Mo Kaline, Eq. (1) is applicable with only 
slight inaccuracy to quartz (SiO2), and it pro- 
vides a method for the measurement of \ or of 
e/m. For the latter measurement one replaces ne 
in Eq. (1), obtaining 


e’/m=nxW62/FpZ»r, 


where e/m is expressed in electromagnetic units 
per gram, F is the Faraday electrolytic constant 
in emu per gram equivalent, p is the density of 
the reflecting substance, W is its atomic or 
molecular weight and Z is its atomic or molecular 
number. 

The possibility of determining e’/m in this 
manner was originally suggested by A. H. Comp- 
ton, and the experiment was first performed by 
Stauss,* whose paper should be read by any one 
who contemplates its repetition, even if only as 
a student exercise. The experimental conditions 


4H. E. Stauss, Phys. Rev. 36, 1101 (1930). 
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of the experiment in this laboratory were, in the 
main, those stated on page 19 of the former 
paper.! For the reflector a polished quartz plate 
1 cm square (from the polarized light equipment) 
was found to be quite satisfactory. The face of 
a 60° quartz prism was found to be equally good. 
Figure 1 was obtained by a 30-min. exposure, 
and the value of e/m obtained from it was within 
1 percent of the presently accepted value. 


PRISMATIC X-RAY SPECTRA 


The aforementioned quartz pieces could not 
be used to produce prismatic x-ray spectra 
because their surfaces, like optical surfaces 
generally, had somewhat rounded edges. Given 
a refractive index that varies with wave-length, 
a prismatic spectrum is of course a theoretical 
possibility; but in practice the prism must be 
prepared with an uncommonly clean and sharp 
edge since absorption makes long paths in the 
prism impossible and all the radiation trans- 
mitted must pass within a small fraction of a 
millimeter from the edge. 

The simplest way to make an x-ray prism is 
probably to polish a sharp edge on a piece of 
plate glass. A half-dozen 1X2-in. pieces of }-in. 
plate glass were bound into a tight bundle by a 
large number of rubber bands, and one end of the 
lot was ground and polished. On breaking up the 
bundle it was found that the central surfaces had 
edges which were apparently perfect under low 
power magnification. With one of these prisms 
the molybdenum spectrogram of Fig. 2 was ob- 
tained in a 1-hr exposure. 

This record is of little value for the measure- 
ment of wave-length since the precise constitu- 


tion of the glass is unknown, but it illustrates an 
accurate method for the measurement of the 
refractive index and yields for this random piece 
of commercial plate glass the values y—1=6 
=1.77X10-* for MoKa and 1.39X10-* for 
Mo KB. 


ATOMIC CONSTANTS AND RATIOS 


Experiments have been described in this paper 
and its predecessor! with which students during 
laboratory periods of the usual length can use 
x-rays to determine several quantities that 
involve fundamental physical constants. To 


summarize, these quantities and the experiments 
are: 


h/e, high frequency limit of the continuous x-ray 
spectrum. 

h/mc, wave-length shift in Compton scattering. 

N,e, comparison of grating and crystal wave-lengths. 

me‘/ch’, wave-lengths of Ka lines of the elements. 

e/m, critical angle of reflection for quartz. 


We have therefore enough data to determine 
the separate values of h, e, m, c and N, indeed 
with some redundancy. The optimum utilization 
of these data provides a profitable study and 
leads to values that differ from those currently 
accepted by about 1 percent. ° 


AN X-RAY SPECTROSCOPE 


The instrument shown in Fig. 3 was developed 
as an aid in the repetition of the original Bragg 
determination of the structure of the rocksalt 
crystal. In this classic investigation it was neces- 
sary to decide between several possible cubic 
lattices upon the evidence of the reflection data. 
Since rough measurements of angles and inten- 
sities are quite adequate, a fluorescence method 


—uUpper limit of possible reflection 
—Upper limit of Ka reflected band 
—Lower limit of possible reflection 


Fic. 1. Total reflection of molybdenum radiation by quartz. The photographic film 
was approximately normal to the direction of incidence and was located 209 cm from 
the slowly oscillating reflector. The radiation was filtered by zirconium to emphasize the 
Ke radiations whose critical angle of total reflection is here determined. The discon- 
tinuities of blackening near the direct image were produced by diaphragms and are 


without significance. 
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A LABORATORY 


Fic. 2. Prismatic spectrum 
of molybdenum radiation. The 
prism was a piece of ordinary 
plate glass with a sharp, square 
edge. 


was adopted for our experiments instead of the 
much slower method of the Bragg spectrometer. 

As shown in Fig. 3 the crystal and eyepiece of 
the spectroscope rotate about a common hori- 
zontal axis. The crystal is pressed against ap- 
propriate guides in the presence of a Seeman, or 
knife-edge slit by a simple spring system which 
allows crystals to be changed in two or three 
seconds. The eyepiece is a small magnifier 
mounted in a short tube so as to keep under 
observation a disk of sensitive fluorescent screen 
(Patterson Type B) upon which the crystal 
reflections can be made to fall. The eyepiece tube 
is light-tight and furnished with a padded ring 
to which the eye is applied so as to shut out room 
light. The screen is equipped with a tiny, faintly 
luminous pointer which serves the purpose of a 
cross hair when lines are being located. With very 
faint radiations the light of the pointer is objec- 
tionable, and means are provided for drawing it 
out of the field of view until needed. 

The eyepiece axis is directed toward the hori- 
zontal axis of rotation, being carried at the end 
of a light radius arm which is counterweighted 
and retained at any setting by the slight bearing 
friction. A celluloid angular scale is provided for 
the eyepiece motion but none for the crystal. The 
control knob shown below the eyepiece drives the 
crystal in rotation by means of a light worm gear 
mechanism. 

For our purposes the base of the spectroscope 
is screwed to the horizontal table surface of a 
diffraction outfit. As in the familiar General 
Electric outfit there is a water cooled molyb- 
denum-target tube with its axis vertical at the 
center of the table, inclosed in a protective tube. 
Allowing for a simple and nonadjustable slit 
system, it is possible to bring the spectroscope 
crystal within 30 cm of the focal spot. 

The variety of spectroscopic effects which 
became clearly and easily observable to the 
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IN X-RAYS 


Totally reflected long waves 
fe Ka 
Ss /Refracted K8 
Refracted continuous 
Npirect 


dark-adapted eye with this instrument was a 
pleasant surprise. With almost any crystal the 
molybdenum a and 8 lines show up very strongly, 
often in three or four orders. The Bragg rocksalt 
experiment requires the location of the low order 
reflections of K lines by prepared (100), (110) 
and (111) faces. The whole thing can be done 
easily in five minutes by any observer who 
knows what he is looking for. The continuous 
spectrum shows its general features clearly and 
the short wave limit can be located within about 
a minute of time with an error not exceeding 5 
percent. By inserting sheet metal absorbers in 
the incident beam the K absorption limits of 
many elements may be quickly located and a 
Moseley graph constructed. 

Students may identify unknown crystals by 
their grating spaces, the determination of which 
is the work of a minute. We have no other type 
of observation that shows so impressively and 
quickly the difference between a good crystal and 


Fic. 3. A general-purpose x-ray spectroscope. Radiation 
is incident from a source not shown, at the left. From left 
to right the following parts may be seen: counterweight for 
eyepiece arm, crystal in its spring support, worm gear for 
rotating crystal, eyepiece angle scale, fluorescent eyepiece, 
knob for rotating crystal. 
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a bad one. The reflection of monochromatic 
radiations at angles of incidence other than the 
Bragg angle, an effect of much current interest, 
may be observed with this spectroscope, and in 
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this connection the instrument attains to research 
usefulness since certain minor but new features 
of this phenomenon, better described elsewhere, 
were first observed in this direct manner. 


Thin Electrostatic Lenses for Electrons 


PauL L. CoPpELAND 
Armour College of Engineering, Illinois Institute of Technology, Chicago, Illinois 


F genannten of electron optical prin- 
ciples are increasing in number and im- 
portance. Both magnetic and electrostatic focus- 
ing are of sufficient interest to justify laboratory 
work familiarizing the student with the close 
correspondence between ordinary and electron 
optics. The theory of the magnetic lens has been 
treated in this journal by Hughes,' and this 
paper will be restricted to a discussion of the 
electrostatic case. The phenomena involved in 
electrostatic focusing may be demonstrated with 
the aid of a cathode-ray oscillograph, but for 
quantitative work special equipment is desirable. 
Both circular apertures in conducting planes and 
rectangular slits in conducting cylinders have 
been used in this connection. The potential 
distributions, which are required for the com- 
putation of optical power, may be obtained from 
theoretical considerations in these cases, and, 
furthermore, such systems may be treated as 
thin lenses, the optical analogues of which are 
familiar to the student who has completed the 
general physics course. The purposes of this 
paper are to give a brief discussion of the theory, 
emphasizing the analogies with ordinary optics, 
and to suggest convenient electron optical 
systems which may be used for a number of 
separate experimental tests of thin lens formulas. 


THEORY UNDERLYING THE OPERATION OF 
ELECTRON LENSES 


The law for the refraction of an electron in 
passing across a plane surface separating two 
different equipotential regions is very closely 
related to Snell’s law of ordinary optics. If 
u, and ue are the velocities of light in the first 
and second mediums, respectively, the refractive 


1A. L. Hughes, Am. J. Phys. 9, 204 (1941). 


index of the second medium with respect to the 
first is given by 


n=sin g/sin g’ = ;/Ue, (1) 


where ¢ is the angle of incidence and ¢’ is the 
angle of refraction. Now, de Broglie postulated 
that waves of velocity u accompany particles 
moving with a velocity v, where uw=c? and c 
denotes the velocity of light in vacuum. In 
applying Snell’s law directly to electrons, wave 
velocities “; and uw: are used in Eq. (1). By 
virtue of the relation uv=c?, Eq. (1) becomes 


N=V2/0). (1a) 


Since, if relativity corrections are neglected, 
velocities of electron particles are proportional 
to the square roots of the potential differences 
through which the electrons fall, we may write 


n=sin ¢/sing’ =(V2/Vi)}, (2) 


where V; and V2 represent the electrostatic 
potentials in the first and second regions, 
respectively. Thus, in electron optics the refrac- 
tive index at a point may be represented by the 
square root of the electrostatic potential differ- 
ence between the electron source, or cathode, and 
the point. 

Equation (2) is often derived from elementary 
classical electrostatics and elementary Newton- 
ian mechanics in essentially the manner that 
Newton proposed to explain the refraction of 
light by the acceleration of the light corpuscles 
as they passed between two mediums. Since 
this derivation of the law of, electron refraction 
is excellently presented in many treatments of 
electron optics,’ it need not be repeated here. 

2Maloff and Epstein, Electron optics in television 


(McGraw-Hill, 1938), pp. 68-69; Myers, Electron optics— 
theoretical and practical (Van Nostrand, 1939), pp. 23-25. 
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ELECTROSTATIC LENSES FOR ELECTRONS 


Because Snell’s law in the form of Eq. (2) 
is carried over into electron optics, we are in 
position to apply the results of ordinary optics 
to analogous cases in electron optics simply by 
taking the equations expressing the solutions of 
optical problems and replacing the refractive 
indexes of the various regions by the square roots 
of the electrostatic potentials of those regions. 
In all of the formulas for lenses used in this paper 
the potentials indicated are referred to the 
cathode, even though in the actual operation of 
the apparatus to be described it is the positive 
side of the potential supply that is ‘‘grounded.”’ 

In optics we have an equation that applies to 
refraction at a simple surface of radius r separat- 
ing two regions of differing refractive indexes; 
this is 


(m1/s) + (m2/s’) =(n2—m)/r, (3) 


where , is the refractive index for the object 
space, m2 is the refractive index for the image 
space, s is the object distance and s’ is the image 
distance.* The conjugate distances s and s’ and 
the radius r lie in the same plane. Such a plane 
will represent conditions for either a cylindrical 
or a spherical lens surface, because if the plane is 
rotated on the optic axis, the spherical lens is 
described, while if the plane is moved perpen- 
dicular to itself, the cylindrical lens is described. 
Equation (3) applies to either a spherical or a 
cylindrical lens. 

If, in Eq. (3), m2 =m+dn=n-+dn, where dun is 
a small quantity, we may write 


(1/s)+(1/s’) =dn/nr. (4) 


If this equation is compared with the ordinary 
optical formula, 


D=1/f=(1/s)+(1/s’), (S) 


where f is the focal length and D is the optical 
power, or “‘dioptry,” of a lens, the quantity on 
the left-hand side of Eq. (4) is identified as the 
contribution to the dioptry of the system due 
to a change dm in the refractive index at a 
surface of radius r. This is a small quantity which 


3“Report of the A.A.P.T. committee on the teaching 
of geometrical optics,” Am. J. Phys. (Am. Phys. T.) 6, 
81 (1938); C. J. Smith, Intermediate physics, (Longmans, 
1932), pp. 290-291; Myers, reference 2, pp. 148-152 


may be denoted by dD, and we may write, 
dD=dn/nr. (6) 


Equation (6) is applicable to electron lenses, 
in which the potential, and therefore the re- 
fractive index, varies continuously. In ordinary 
optics, if thin lenses are separated by distances 
small compared with their focal lengths, the 
dioptry of the combination is obtained by taking 
the algebraic sum of the dioptries of the com- 
ponents. Thus, if the distance over which con- 
tributions to the power are appreciable is only 
a small part of the focal length of the resulting 
lens, the dioptry of this lens may be obtained 
directly by integration, as indicated by the 
formula, 


a 


p=1/f= f dn/nr. (7) 


In Eq. (7) the variable may first be changed 
from refractive index n to the potential V by 
noticing that n=kV?, where k is a constant of 
proportionality, and dx=kV-'dV/2, so that 
dn/n=dV/2V. Thus we have 


ne Ve 
D=1/f=f dn/nr=} f dV/Vr 
ny Vi 


1 


2 


: Vr 


Ff (dV /dx)dx 


Finding the power of a thin lens by Eq. (8) 
involves setting up suitable analytic expressions 
for m and r, and evaluating the resulting integral. 
When the electrode geometry is not too com- 
plicated, approximate solutions to electron 
optical problems may be obtained in this way 
without great difficulty. 


* 


THE EXPERIMENTS OF DAVISSON AND CALBICK 
AND THE THEORY OF THE CYLINDRICAL 
ELECTRON LENS 


A very simple geometry for a quantitative 
study of the laws of electron optics is that used 
by Davisson and Calbick* for empirically de- 
termining the focal length of a thin cyclindrical 
lens. The plan of a similar apparatus which has 
been used in this laboratory is shown schemat- 


4 Davisson and Calbick, Phys. Rev. 38, 585 (1931); 42, 
580 (1932). 
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ically in Fig. 1. In this apparatus, electrons 
released from the filament F are accelerated 
radially outward by a potential difference ap- 
plied between the filament and the conducting 
cylinder G. In this cylinder there is a rectangular 
slit ZL parallel to the filament. A second cylinder 
C contains a slit in line with the first, and the 
electrons passing through the second slit im- 
pinge on a fluorescent screen S on the glass wall 
of the tube. 

If the potentials of the electrodes are adjusted 
so that the potential in the space between F and 
S varies logarithmically with the radius, the 
lines of force are radial. In this case the electrons 
travel along radii of the cylinders. If, however, 
the potential of the cylinder C relative to G is 
increased, the electrons are focused into a 
narrower beam. In the experiments of Davisson 
and Calbick, the beam, which was traced by 
means of fluorescence produced in mercury 
vapor, was made parallel by the action of the 
potential distribution in the neighborhood of the 





































Fic. 1. Plan of cylindrical lens system. 


slit Z. Under these conditions the radius of 
the cylinder G was equal to the focal length of the 
lens at ZL. In such experiments Davisson and 
Calbick found that the dioptry of the electron 
lens could be represented by 


D=1/f=(G2—Gi)/2V., (9) 


where V, is the potential of the cylinder contain- 
ing the lens, G2 is the potential gradient at the 
outer surface of the cylinder G and G;, is the 
potential gradient at the inner surface of the 
same cylinder, neglecting the distortion of the 
field introduced by the presence of the lens 
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slit. With the apparatus shown in Fig. 1 it is 
possible to focus an image of the filament on 
the fluorescent screen S and to calculate the 
focal length of the lens from the conjugate 
distances. 

Equation (9) may be deduced from Eq. (7). 
The crux of the problem in the derivation is the 
determination of r in Eq. (7). This can be done 
rather simply here. Consider a typical potential 
distribution in the neighborhood of a rectangular 
slit. Such a distribution, as obtained experi- 
mentally by the writer using an electrolytic 
tank,® is shown in Fig. 2. We refer to a line drawn 
through the middle of the slit perpendicular to 
the plane of the slit as the axis of the lens. 
Because of the symmetry existing in this case, 
the equipotentials will be cylindrical surfaces 
having elements parallel to the edges of the 
slit. The equipotential surfaces are not exactly 
circular cylinders ; but, as can be seen from Fig. 2, 
they are approximately circular, and the radius 
of the circular cylinder which fits a given equi- 
potential in the neighborhood of the axis can be 
determined from the characteristics of the 
potential distribution along the axis. 

In this case the form of the equipetential 
surfaces and the potential distribution in the 
immediate neighborhood of a chosen point on 
the axis could be approximated very simply by 
putting a charge of density d electrostatic units 
per centimeter of length on a long line passing 
through some other suitably chosen point on 
the axis and running parallel to the edges of the 


5 The electrolytic tank which was used in this connection 
was designed and constructed by Mr. William R. Kennedy, 
and it incorporates many of the features described by 
Myers, reference 2, pp. 129-134. The trough is formed 
from a 30-gallon alcohol drum which was cut approximately 
into halves by a plane passed parallel to the axis of circular 
symmetry. The larger of the two sections thus formed is 
mounted with the cut facing upward and is filled with 
slightly acidulated water. Suitable boundary conditions 
are established by electrodes dipping into the water. The 
potential distribution is then studied by means of a probe 
which dips barely below the upper surface of the water. 
Potential plots are recorded on a large drawing board, con- 
stituting a table top, which is placed several inches above 
the surface of the water. To facilitate the making of such 
records a heavy steel bar is bent into the form of a giant 
hairpin. One leg of the hairpin is beneath the drawing 
board, and it carries the probe which dips into the surface 
of the water. The other leg of the hairpin rests upon the 
upper surface of the drawing board, and it carries a marker 
in the same vertical line as the probe. In this way equi- 
potentials in the surface of the electrolyte may be traced 
and recorded directly on a piece of paper placed on the 
drawing board. 
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ELECTROSTATIC LENSES FOR ELECTRONS 


Fic. 2. Equipotential plot 
for a rectangular slit. 


slit. The potential in this electrostatic problem 
is given by 
V=2A Inz, (10) 


the gradient is 
dV/dr=2y/r, 


and the rate of change of the gradient is 
2 V/dr? = —2d/r’. (12) 


The absolute potential represented by Eq. (10) 
has no physical significance, but the radius of the 
circular cylinder that fits the equipotential in 
the neighborhood of the axis can be determined 
from Eqs. (11) and (12). This radius is 


r= —(dV/dr)/(d?V/dr’). 


In the paraxial case the direction of 7 is that of 
the axis. Hence the r appearing in the deriva- 
tives may be replaced by a coordinate x that 
measures the distance along the axis. The sign 
of ry must also be changed to conform to the 
elementary optical convention of signs,’ ac- 
cording to which a radius is considered positive 
if the incident radiation falls upon the convex 
face of a surface at which the refractive index 
increases. Thus we write 


r= (dV/dx)/(d?V/dx?). 


(11) 


(13) 
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The dioptry of the electrostatic lens is ob- 
tained by substituting this value of r in Eq. (8) 
and evaluating the integral. Hence we write 


D=1/f=} J “(@2V/de2)dx/V, 


where the limits x; and x2 are chosen to cover 
that range in which the potential distribution is 
appreciably distorted by the presence of the slit. 
The field is not much distorted at distances 
more than a few times the width of the slit. 
Hence, if the slit is narrow, the potential does 
not change much within the lens. Under such 
circumstances, V may be treated as constant 
and equal to the potential V, of the point on the 
axis at the lens cylinder. Hence we have 


1 72d?V 
D=— f ——dz 
2Y,, v1 dx? 


[(dV/dx)2—(dV/dx);] 
2V,° 


where (dV/dx)2 is evaluated at a point just 
outside the lens cylinder and (dV/dx), is evalu- 
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ated at a point just inside. If the lens slit is 
very narrow, V, will not differ materially from 
the potential of the lens cylinder. Hence this 
formula for the power of a thin lens is that ob- 
tained empirically by Davisson and Calbick. 
The use of a cylindrical lens is a good first 
electron optics exercise for the laboratory. The 
experimental tube can be designed to resemble 
ordinary receiving tubes of cylindrical geometry, 
and it can be processed on radio tube equipment, 
if this is available, using well-established tech- 
nics throughout. The apparatus can be designed 
so that the assumptions made in the develop- 
ment of the theory are closely approximated. 
If a fine filament wire is used as a source, the 
electrons are accelerated radially outward from 
the filament. The cylindrical equipotential 
surfaces surrounding the filament do not pro- 
duce any curvature of the electron trajectories, 
and hence troublesome questions concerning the 
immersion of the object in a refracting medium 
do not arise. Furthermore, the concentration of 
the field in the immediate neighborhood of the 
filament makes it easy to insure that the elec- 
trons will come to the lens with an energy that 
is high compared with their gain of energy within 
the lens and the image space. Since the fulfilment 
of conditions underlying simplifications of the 
theoretical treatment can be demonstrated and 
since the results are very definite, such an experi- 
ment is unusually satisfactory for laboratory 
instruction. Furthermore, the results established 
in this case are convenient for use in the develop- 
ment of the theory and in the design of equip- 
ment for other electron optics experiments. 


LENSES WITH SPHERICAL REFRACTING SURFACES 


In ordinary optics the lenses in most common 
use have approximately spherical refracting 
surfaces. For this reason and also because their 
image-forming properties are so useful, a study 
of the electron optical analogues is of interest. 

A small circular aperture in a large electrically 
charged conducting sheet has electron focusing 
properties analogous to those of the ordinary 
lens. Except for modifications introduced by the 
change of geometry, the development of the 
theory for this case follows the same outline as 
that for the cylindrical lens. Figure 3 is a typical 
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potential distribution for a circular aperture in a 
conducting sheet ; it was obtained experimentally 
by the writer using an electrolytic tank. The 
lens diaphragm was maintained at 10 v with 
respect to a cathode 35.5 cm to the left of the 
plane of the diaphragm. The radius of the 
aperture was 10 cm. The gradients, obtained by 
dividing the potential differences between ad- 
jacent electrodes by the distances between them, 
are 0.28 and 2.95 v/cm, respectively. The varia- 
tion of potential in three dimensions is obtained 
by rotating Fig. 3 on the axis indicated for the 
circular aperture. It is seen that in the neighbor- 
hood of the axis the equipotential curves are 
very nearly arcs of circles, and thus the corre- 
sponding equipotential surfaces approximate 
portions of spheres of varying radii. Equation (8) 
can thus be used to determine the power of such 
a lens when the latter is used to focus paraxial 
electrons. 

To handle analytically the problem of the 
lens with spherical refracting surfaces, we must 
eliminate the quantity 7 appearing in Eq. (8) 
in favor of information about the variation of 
potential along the axis of the lens. This is 
easily done. Along the axis the equipptential 
surfaces are very nearly spherical, and hence the 
potential distribution in each restricted region 
along the axis is like that set up by a point 
charge properly located. The desired relation- 
ship between the radius of the equipotential 
surfaces and the variation of the potential along 
the axis may be obtained from the equations 
that describe the electrostatic conditions exist- 
ing at a distance ry from a point charge Q; 
namely, 

V=Q/r, 
dV/dr=—Q/r’, 
d?V/dr?=20/r*. 


The absolute potential appearing in these equa- 
tions has no physical significance, but the equa- 
tions may be combined to express the radius of 
curvature of an equipotential surface in terms 
of the potential gradient and the rate of change 
of potential gradient ; thus 


r= —2(dV/dr)/(d?V/dr’). (15) 
At the vertex of each equipotential surface in 


the electron lens, 7 is directed along the axis. 
The rates of variation in Eq. (15) may thus be 
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Fic. 3. Equipotential plot for a circular aperture. 


expressed equally well in terms of a coordinate 
x used to measure the distance along the axis. 
Optical conventions’ require a change in sign. 
Thus we write 


r=2(dV/dx)/(d?V/dx?). (16) 


Inserting this value of 7 into Eq. (8), we have 


(17) 


D= tf dx(d2V/dx?)/V. 


If the circular aperture is small, the lens 
is very thin, and at the lens, the gradient changes 
abruptly. Under such circumstances we may 
neglect the variation of the potential within the 
lens and assign to V the value V,, the potential 
on the axis in the plane of the lens diaphragm. 
Since V, in a given case is constant, it may be 
taken outside the sign of integration. Hence 
we have 


1 pedV 
Ds— [ ——dx 
4V, Zi dx? 


[(d V/dx)2—(dV/dx)1] 
AV, 


as an approximate expression for the dioptry of 
the circular aperture used as a lens. If the lens 
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aperture is extremely small, the potential V. 
does not differ much from that of the diaphragm 
in which the lens aperture is cut, and under 
these conditions the potential of the diaphragm 
may be used in Eq. (18). 


When the lens aperture is relatively large the difference 
of potential between the axis and the diaphragm should be 
considered. Fortunately the basic electrostatic problem 
applying to this case has been solved. If an infinite, thin 
conducting sheet, with a circular hole, forms one boundary 
of a uniform field, the solution for the potential is® 

V=aEi(¢—(1/)(¢ cot ¢—1)]. 
Here V is the electrostatic potential at any point in space 
as a function of the oblate spherical coordinates — and ¢, 
a is the radius of the circular aperture and E is the strength 
of the uniform field of which the thin sheet containing the 
circular hole is one boundary. Since only the axial potential 
is required, it is sufficient to notice that conditions along 
the axis of the aperture are obtained by letting £=1. Then 
the distance, x, measured along the axis from the center 
of the aperture, is given by 
x=agé=al. 


Thus the expression for the potential along the axis reduces 
to 


V=aE{¢—(1/m)(§ cot ¢—-1)} 
1 - ) 
= B{x—2(x cot z—a)}. 
dV_ pil i tie 
de =aE{ 1 2 (cot Me reohe 
Vv _aEf_ 2? —, 2 
de oz (1+¢2)2 § 142) 
= (aE/m){2/(1+¢)*}, 
@Vy E 2 


(19) 


The potential V shown in the first of these expressions is 
measured relative to the conducting plane in which the 
aperture is cut. Since potentials in electron optical formulas 
are measured relative to the electron source, it is necessary 
to add the potential difference existing between the 
cathode and the lens diaphragm to this expression. Also, 
in electron optical work a finite potential gradient may be 
established on both sides of the lens. If the lens diaphragm 
in the plane x=0 is maintained at a potential Vo, if the 
plane at x=—Zy is maintained at V, and if a plane at 
x=Lz is maintained at V3, the potential along the axis 
may be represented very approximately by 


fama ee aad Cen Fe Fen Fs 
Va Vit bits) +4 = \ 


x{*— (x cot <a) \. 


6 Smythe, Static and dynamic electricity (McGraw-Hill, 
1939), p. 160. 


(20) 
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Substitution of these values into Eq. (8) results in a very 
accurate expression for the dioptry of a thin lens. The labor 
involved in performing the integration exactly is not jus- 
tified; V can still be treated as constant and taken from 
under the integral sign. It is readily seen that the derivative 
d?V/dx? is symmetrical about the plane of the lens, and 
that its maximum value occurs in that plane. Since the 
integrand of Eq. (17) will have its maximum value close 
to this point, the potential which should be used in com- 
puting the power of the lens is that given by letting x 
equal zero in Eq. (20): 
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DISCUSSION OF EXPERIMENTS 


An idealized arrangement for the study of 
electron lenses with spherical refracting surfaces 
would be a three-dimensional analogue of the 


VARIAC = POWER_ SUPPLIES 


—($s}— 


INSULATING 
TRANSFORMER 


eg 


CATHODE 


-} SCREEN 


Fic. 4. Electron optical trough. 


experiment of Davisson and Calbick. This would 
consist essentially of a small spherical source of 
electrons placed at the center of a conducting 
sphere containing a small circular aperture to act 
as a lens, and, outside this, a metal sphere to 
establish the change of the potential gradient 
at the lens. To set up such an arrangement would 
involve experimental difficulties. Fortunately, 
very satisfactory experiments can be performed 
with easily constructed apparatus, and possible 
arrangements, in which the chief focusing action 
is associated with thin lenses, are suggested here. 

Figure 4 shows apparatus that has been found 
satisfactory for quantitative experiments. It was 
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made by cutting glass chemical bottles into short 
sections and waxing these glass rings to metallic 
sheets in which circular apertures had been 
cut. The apertures were carefully alined to 
permit the passage of an electron beam along the 
axis. In this way calculable fields may be set 
up without the necessity of employing excessive 
lateral dimensions. Such a design has the addi- 
tional advantage of flexibility ; any one of several 
diaphragms may be used as a lens, or, if desired, 
the electrons can be focused by the action of 
several lenses. The source of electrons is a 
straight tungsten filament about which an 
intense radial field is set up.’ Since the field 
decreases rapidly with the distance from the 
filament, it is small enough in the neighborhood 
of the first aperture to be negligible. Thus, if no 
potential difference is applied between dia- 
phragms / and 2, the focusing action at the first 
aperture is entirely negligible. By making dia- 
phragm 5 positive with respect to diaphragm 4, 
a positive lens is set up at 4, and (if diaphragm 6 
is established at the same potential as 5) a 
weaker negative lens is set up at 5. If, with a 
fixed potential difference between the filament 
and diaphragms 1, 2, 3 and 4, the pgtential 
difference between diaphragms 4 and 5 is 
gradually raised, the electrons may be focused 
to form an image of the filament on the fluores- 
cent screen. 


Details of the experimental arrangement may be of 
interest to some readers. A block diagram showing the 
principal units is included in Fig. 4. The potential difference 
between the filament and the first aperture is supplied by 
the ordinary rectifier-filter arrangement, marked ‘‘Low.” 
Since the diaphragm nearest to the fluorescent screen is 
grounded, while a relatively high potential is supplied 
from the source which is marked ‘‘High,”’ this entire power 
supply is at a high negative potential with respect to 
ground. For this reason an insulating transformer capable 
of withstanding a potential difference of 10,000 v between 
windings is used. The electron-beam current passing 
through the first aperture is small, and for this reason 
the high voltage supply need not, and for reasons of safety 
should not, be capable of supplying more than a few milli- 
amperes. In practice, a protective resistance is included 
inside the case of this supply. The potential difference is 
conveniently controlled by means of a Variac which sup- 
plies the primary of the step-up transformer. The voltmeter 


7 In Fig. 4 the filament is represented by an oblique line 
in an effort to convey perspective; the filament is parallel 
to the edges of the slit, which constitutes the first aperture. 
All of the remaining apertures are circular. 
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for measuring the high potential difference is a D’Arsonval 
instrument of resistance 1000 ohm/v. The resistance ar- 
rangement shown above the numbering of the diaphragms 
in Fig. 4 has no function when the apparatus is used in the 
simple manner just described. 

The pumping system used was a three-stage mercury 
diffusion pump backed by a rotary oil pump. Pressures 
were read on a McLeod gauge, and the mercury vapor was 
removed from the experimental tube by immersing a trap 
in a slush of dry ice and acetone. Satisfactory results 
could be obtained when the pressure indicated on the 
gauge was 10-° mm-of-mercury or lower, and no great 
difficulty was experienced in obtaining and maintaining 
such a vacuum. 


Observations made with such apparatus may 
be compared with the theory. Equation (18) may 
be used to compute the dioptry of each lens. 
The problem of locating the image may then be 
treated by the methods of elementary optics. 
Starting with the filament as object, one can 
locate the final image by successive applications 
of the thin Jens formula. This position may then 
be compared with that of the fluorescent screen 
on which the image is observed, as a final check 
on the accuracy of the thin lens formula. 

A second method of analyzing the data is to 
use the distance from the screen to the aperture 
serving as a negative lens and the dioptry 
of this lens for the purpose of computing the 
position of the (virtual) object. This position 
should coincide with the image that would be 
produced by the action of the first lens only. 
In this way both -conjugate distances for the 
first lens may be determined, and the sum of their 
reciprocals may be compared with the computed 
dioptry of the first lens. The analysis of typical 
data by this method is illustrated in Table I. 
Here the first column lists 7, the number of the 
diaphragm used as a lens. The fourth column 
gives the potential difference between diaphragm 
1 and the lens diaphragm 7. G; is the potential 
gradient approached in the region just beyond 
the lens. The dioptries D,; and —Dz: are com- 
puted from Eq. (18) for the strong positive lens 
and the weak negative lens, respectively. The 
conjugate distances for the first lens are in the 
columns headed s and s’. The sum of the re- 
ciprocals of these conjugate distances, shown in 
the last column, compares favorably with the 
average of the separate determinations of Dy. 
In the first case the discrepancy is less than 1 
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percent, and this lies well within the limits of 
experimental error suggested by the spread of the 
individual observations. In the second case the 
discrepancy is 9 percent, and this can hardly be 
attributed to experimental uncertainty, because 
the individual readings are too definite and 
consistent to permit this. The causes of such a 
discrepancy are more likely to be associated 
with the design and use of the apparatus. As 
shown in Fig. 4, the diameter of the glass tubing 
connecting diaphragms 5 and 6 is not only 


TABLE I. Analysis of typical data. 








Vi Vi-Vi Gi Di 
(v) = (v)_) (v/em) (cm~) 


—D2 Ss 
(cm) (cm) 
700 3400 487 
600 3100 443 
500 2500 357 
400 2000 285 


0.153 
-162 
-157 
-157 


0.031 
0.031 
0.031 
0.031 


Average 0.157 
2900 §=330 


2370 270 
2050 =233 


0.103 
0.099 
0.102 


Average 0.101 





smaller than that connecting 2 and 3, but the 
separation of 5 and 6 is greater than that of 2 
and 3. Furthermore, diaphragm 6, to which the 
high accelerating potential is applied in the 
second case, is not ‘‘backed’’ by other dia- 
phragms at the same potential, as diaphragm 3 
was in the first case. These circumstances 
increase the uncertainties in the computation of 
the fields in the second case and permit ascribing 
the discrepancy to the existence of weaker fields 
than the computations indicate. 

The agreement shown in Table I, indicates 
that in this experiment the thin lenses dominate 
the results. The fact that the potential, and 
hence the refractive index, changes continuously 
between the two lenses does not appear to be 
especially important. Under favorable conditions 
it is possible to secure similar agreement in an 
experimental. set-up using only a single thin 
lens. To establish a single thin lens in such an 
arrangement, the potential difference is divided 
in such a way that a uniform weak field extends 
from one side of the lens to the filament while a 
uniform and much stronger field extends from 





244 FAUL. LE. 
the other side of the lens to the fluorescent 
screen.® 

Experiments with lenses of small aperture are 
most suitable for students beginning the study 
of electron optics, because of the simplified 
treatment which is justified in this case. Never- 
theless, information about lenses of large aper- 
ture is of interest. A lens of large aperture offers 
a number of practical advantages. Furthermore, 
the most commonly used electron lenses are 
thick in the optical sense. When a circular 
aperture is used as an electron lens, it is im- 
portant to know the size of the corrections to 
be introduced if the diameter is made comparable 
with the focal length. 

The thin-lens formula is approximately cor- 
rect even when the diameter of the lens aperture 
is a fairly large fraction of the focal length. 
Experiments bearing on this matter were per- 
formed with the aid of the apparatus shown in 
Fig. 5. The source of electrons is a tungsten 


Fic. 5. Experimental tube with lens of large diameter. 


filament placed in the plane of the first aperture. 
The second aperture is made rather small so 
that the image will be formed by electrons having 
paraxial trajectories. The central diaphragm 
contains the opening intended for use as a lens, 
and this is made to have a rather large diameter. 
A fourth diaphragm is inserted between the lens 
and the screen to aid in establishing a uniform 
field in the image space, and the final diaphragm 


8 In such experiments the uniform potential gradient in 
the object space contributes a focusing action. The uniform 
gradient in the image space, on the other hand, con- 
tributes a defocusing action. Whenever these two opposing 
effects compensate each other, the net power is due en- 
tirely to the distortion of the field in the neighborhood of 
the aperture. 
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TABLE II. Data for lens of large diameter. Diameter of 
lens aperture: 3.85 cm. Conjugate distances: s= 11.83 cm; 
s’=11.3 cm. Dioptry based on conjugate distances: 0.173 





Va Dioptry from Eq. (18) 
(v) (cm~) 
0.197 
.206 
.206 
.207 
.210 
-208 
ane 
.203 
197 
.201 
.209 
.201 
.197 
.196 
.207 
.203 


Average 0.2037 +0.001 


is a brass plate capable of withstanding at- 
mospheric pressure. The fluorescent screen is 
waxed to this plate. 

Using such an arrangement, seven student 
groups made independent observations at several 
different potentials. Because these data indicate 
the agreement among different observer#as well 
as the degree of agreement with the sum of the 
reciprocals of the conjugate distances, they are 
shown in detail in Table II. In this case the 
diameter of the lens aperture is 3.85 cm and the 
focal length is only 4.9 cm. This can hardly be a 
thin lens, and, in view of simplifications intro- 
duced in the derivation of the thin lens formula, 
the agreement shown in Table II, although not 
perfect, is surprisingly good. The computed 
dioptry falls within 18 percent of the sum of the 
reciprocals of the conjugate distances. The 
agreement among the individual observations 
indicates a probable error of less than 1 percent. 
The discrepancy of about 18 percent must be 
taken as indicating significant differences be- 
tween the observations and the simple lens 
treatment. 

In ordinary optics, if a thin lens is formed by 
placing a number of thin positive lenses in 
contact, the dioptry of the combination is the 
sum of the separate dioptries and the principal 
planes coincide with the position of the resulting 
thin lens. If, however, the components are 
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separated, well-known optical formulas show 
that the dioptry is reduced and the principal 
planes are separated. Since the electron lens 
used in this experiment is really a thick positive 
lens made up of many thin positive lenses, the 
discrepancy shown by these results is just 
what we should expect. The dioptry computed 
from Eq. (18) is too high. 

The problem may be solved theoretically 
without assuming that the lens is thin by com- 
puting a paraxial electron trajectory. This 
method is very interesting and powerful, and 
it has been extensively used in electron optical 
studies. It has been shown? that if x is used to 
represent axial distance and if 7 represents the 
displacement of the electron from the axis, the 
differential equation for the paraxial trajectory 


Is 


iro*V 1 dravVv 


4 V ox? 2V dx ax 


d’r 
— (22) 
dx? 

For the lens system of Fig. 5, the path of an 
electron has been calculated numerically from 
Eq. (22) and is shown in Fig. 6, where the position 
of the lens diaphragm is indicated by the dotted 
line Z. For the purpose of representing the dis- 
placements of the electron from the axis more 
accurately, displacements are plotted on a scale 
which is ten times as large as that used for axial 
distances. The trajectory shown provides in- 
formation that is both more detailed and more 
accurate than that obtained from the simple 
thin-lens calculation. It is interesting to note 
that the displacement of the electron from the 
axis comes to a maximum before the plane of the 
lens diaphragm is reached, and that the trajec- 
tory is curved both in the object space and in the 
image space due to the acceleration of the elec- 
tron parallel to the axis. 


® Myers, reference 2, pp. 98-100. 
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According to the information plotted in Fig. 6, an elec- 
tron originating on the axis 11.8 cm in front of the dia- 
phragm used as a lens would return to the axis about 13.0 
cm beyond this diaphragm. Instead of the 0.173 cm™ 
observed, the sum of the reciprocals of these distances is 
0.162 cm. This is a discrepancy of about 6 percent. 
The calculation of the trajectory is itself approximate. At 
least three figures were carried throughout, but it is not 
impossible that an error of several percent may have 
accumulated in the course of this numerical integration. 
The observed dioptry appears to be slightly greater than 
the calculated trajectory indicates. Such a result might be 
explained by spherical aberration, by a contribution of 
the residual gas to focusing, or by both. 


Assumptions have been introduced to shorten 
and simplify the theoretical treatment of thin 
electrostatic lenses. The resulting expressions 
for the dioptry of the thin lens contain terms 
which, in the experimental arrangements here 
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Fic. 6. Computed electron trajectory through the lens of 
large diameter. 


suggested, can be evaluated readily. To provide 
information concerning limitations on the ap- 
plicability of the simple theory, some experi- 
ments have been described that were performed 
with apparatus which does not very closely 
approximate the restrictions imposed for the 
sake of simplicity. The extent of the agreement 
between the calculated and observed dioptries 
provides evidence that the simple expression 
may be applied to calculate the approximate 
dioptry of lenses which are not extremely thin. 
The experiments described are sufficiently simple 
in theory and sufficiently reliable in operation to 
make them useful for introducing students to the 
principles of electron optics. 


Annual Meeting of the Optical Society. An invitation has been extended to the members of the American Association 
of Physics Teachers to attend the twenty-seventh annual meeting of the Optical Society of America, which will be held 
at the Hotel Pennsylvania, New York City, on October 30 and 31. For a copy of the program address Professor Arthur 
C. Hardy, Massachusetts Institute of Technology, Cambridge, Massachusetts. 





























OT long since, when I had the pleasure of 
spending a few days in Baltimore, Miss 
Harriette Rowland asked me to glance over some 
of the manuscript notes which her father, PRo- 
FESSOR HENRY A. ROWLAND, had left in his study 
more than 40 years ago. Her purpose was to 
separate those papers which no longer had value 
from those which ought to be saved. Among 
these manuscripts was one memorandum that 
might perhaps have gone into the waste basket. 
It, however, called to my mind so vividly the 
weekly journal meeting which PROFESSOR Row- 
LAND early instituted and conducted at Johns 
Hopkins University that I thought a facsimile of 
this sheet might be of interest to the present 
generation of American physicists who know this 
remarkable teacher and investigator mainly 
through his Physical Papers. 

The memorandum here reproduced is evidently 
one that ROWLAND had written down for the 
first meeting of the academic year. The agenda 
for this session, like everything else which he did, 
was carefully planned in advance. The names of 
the members fix the date of the memorandum as 
the autumn either of 1879 or 1880—in any case, 
some sixty odd years ago. There may have been 
earlier journal meetings in other American 
laboratories; but, if so, they have escaped my 
knowledge. Seminars in Germany were surely in 
existence earlier than this date. 

During the first ten years of the life of Johns 
Hopkins University—that is, from 1876 to 1886 
—these meetings were held in ROWLAND’s study 
which then occupied a rear second-story chamber, 
over the kitchen in an old private residence on 
Howard Street, a residence formerly belonging 
to the founder, Mr. Jonns Hopkins. An upstairs 
chamber in the front part of the house had been 
assigned to him asa lecture room, and the kitchen 
on the ground floor was given to him for a 
laboratory. To visualize this little study, one has 
only to think of an upstairs sleeping room whose 
floor space is approximately 15X15 ft., a room 
formerly occupied by one of the family or pos- 
sibly by one of the help. The walls of the room 
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are now lined with shelves crowded with books 
on astronomy, engineering, geology, mathe- 
matics, physics and chemistry. Imagine a flat- 
topped desk near the door, at which ROWLAND 
always sat, a few office chairs and a half dozen 
folding chairs in the rear of the room. To com- 
plete the picture one has only to remember the 
portrait of his mother hanging on the wall at his 
left. Leather upholstery, deep carpets and carved 
furniture are not conspicuous by their absence, 
because none of the participants expects these. 
No one thinks either of smoking or of being late. 

At the first meeting of the year, ROWLAND 
reads off the titles of the journals which he 
thinks most likely to contain the best that is 
being said and done in recent physics. The list 
for 1879-1880 is as follows: 


(1) Philosophical Magazine 
(2) Nature 
(3) Telegraphic Journal 
(4) American Journal of Science 
(5) Journal of the Franklin Institute ° 
(6) Van Nostrand’s Engineering Magazine 
(7) Quarterly Journal of Science (London) 
(8) Proceedings of the Royal Society of London 
(9) Comptes rendus (Paris) 
(10) Annales de Chimie (Paris) 
(11) Journal de Physique 
(12) Revue Scientifique 
(13) Journal de Ecole Polytechnique 
(14) Journal de Ecole Normal 
(15) Monats berichte (iiber was?) 
(16) Géttingische gelehrte anzeigen 
(17) Sitzungs berichte der Akademie der Wissenschaften in 
Wien 
(18) Poggendorff’s Annalen 
(19) Betblatter zu den Annalen der Physik : 
(20) Carl’s Repetitorium der Physik (Munich and Leipzig). 
(21) Dingler’s Polytechnisches journal (Berlin and Stutt- 
gart) 
(22) Electrician (London) 
(23) Zeitschrift fiir Krystallographie (Leipzig) 
(24) Berichte—Deutsche Chemische Gesellschaft (Berlin) 


Alongside this list of journals in the memorandum 
are the names of the members for the year in 
question. The next step is the allotment to these 
nine men of the 24 numbers attached to the 
various periodicals. One can easily see ROWLAND 
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asking each member for his preference among 
these journals; and then, when the member has 
expressed his choice, a line is drawn through the 
name of the journal and its number is transferred 
to the name of the volunteer. By comparison of 
the numbers, it will beseen that to Mr. FLETCHER 
go the “Phil. Mag.” and two French journals. 
E. H. HALL, who worked in the room just under- 
neath ROWLAND’s study, agreed to report upon 
Nature, the Annales de Chimie and the Journal 
de Physique; while to E. L. Nicuots fell the task 
of sifting “‘Pogg. Ann.,”” Géttingische anzeigen and 
‘Silliman’s Journal.’’ Doctor IrBy, who had 
chemical leanings, reserved for himself the 
Zeitschrift fiir Kristallographie; and so on to the 
end. 

The charm of these meetings, as I knew them 
through four years—beginning in 1884—was the 
frankness and clearness with which all the essen- 
tials of each piece of work were explained, ap- 
praised and then handed to the group for further 
question or comment. A sharp distinction between 
high grade and low grade work was always 
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insisted upon; but no man’s method was con- 
demned unless a better could be suggested. 
Seldom did a meeting occur that was not en- 
livened by wit and humor. But woe to the man 
who spoke without thinking! Several penetrating 
minds and independent thinkers were always 
present: among these, in my day, were LouIs 
Duncan, C. A. Perkins, A. L. KIMBALL, CARY 
HuTCHINSON and Louts BELL. But when it came 
to suggesting a better approach to any problem, 
a better solution of any experimental difficulty, 
a better laboratory technic for the avoidance of 
some error or a direction in which new work was 
needed, ROWLAND was easily first. The free and 
easy contact of mind with mind made each 
session, in fact, an inspiring occasion. 

The reason these meetings were helpful is not 
far to seek: for, as a background to the youthful 
Director of the laboratory—still in his early 
thirties—there were certain outstanding achieve- 
ments of his which could not easily be forgotten 
by any man in the group. Among these were his 
well. known ‘Berlin experiment,” firmly sup- 















porting MAXWELL’s electromagnetic views and 
our present electron theory, his great work on 
thermometry and the mechanical equivalent of 
heat, his new ruling engine and the curved 
grating. The atmosphere of the little room where 
this journal meeting was held was one of easy 
give-and-take; but every graduate student 
present knew that the young man behind the 
table had, himself, designed each of these experi- 
ments, had made his own apparatus and had 
executed his plans with unprecedented experi- 
mental skill. Small wonder then that each man 
left the room with a new urge! 


MEMBERS OF THE CLUB, 1879-80 


L. B. FLetcuHer, A.B., Columbia University, 1877. 
Assistant in physics, University of Pennsylvania, 1881-82; 
instructor, Wesleyan (Conn.) University, 1882-83. 

S. H. FREEMAN, A.B., Univ. of Rochester, 1875. Gradu- 
ate student, 1879-80, and fellow in physics, 1880-82, 
Johns Hopkins University; professor of physics, Adelbert 
College, 1882-86. Died in 1886. 

C. H. Koyr, A.B., Victoria College (Ontario), 1877. 
Physical science master, Wesleyan College (Quebec), 





LTHOUGH the torsion problem*—com- 
monly called Saint-Venant’s problem after 


+ Now at Illinois Institute of Technology, Chicago, 
Illinois. 

*Consider an isotropic, homogeneous right prism of 
arbitrary length; its axis directed along the z coordinate 
axis; its bases subjected to forces statically equivalent to 
a couple about the axis of the prism. Twisting of the prism 
by the couple results in displacement of the points in the 
plane cross sections of the nontorsed prism. Within a 
certain maximum angle of twist per unit of length, points 
in circular or circular annular cross sections are merely 
rotated about the axis of the prism; points in cross sections 
of other configuration are, additionally, shifted (in one 
direction or the other) parallel to the axis of the cylinder, 
this shifting being manifest in the surface into which the 
initially plane cross section is distorted. For a prism thus 
strained, Saint-Venant’s torsion problem is to determine 
the magnitude of the couple and the general expressions 
for the components of the displacement and the shearing 
stress that exist at each point of a cross section. 

These quantities can be obtained through elementary 
processes of the calculus from a certain function ¢. This 
function satisfies the Laplace equation over the cross 
section; on the contour of the cross section its normal 
derivative takes on certain prescribed values. Commonly, 
however, it is easier to determine the conjugate function y. 
For, although y likewise satisfies the Laplace equation 
over a cross section, it takes on an easier boundary con- 
dition—a set of prescribed values over the contour of the 
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that eminent French elastician, the first rightly 
to formulate it—has long been a favorite of the 
physicist and of the applied mathematician, in 
the past decade more has been written on it than 
in any preceding like period. But entombed in 
publications of limited circulation, not even 
mentioned in reference works devoted to elastical 
theory, much of this and previous work is vir- 
tually nonexistent. This condition is to be 
deplored: for, as the equations formulating 
Saint-Venant’s problem are formally identical 
with those defining boundary value problems in 
other physical domains, known torsion solutions 
often are of considerable aid in the study of 
various problems of technical importance; again, 
as certain structural problems encountered in 
modern high speed airplane, engine and _ tool 


cross section. But the determination of a function so 
defined is, according as y or ¢ is considered, the first or 
second Dirichlet problem; the torsion problem is, then, a 
plane potential problem; and the powerful and varied 
methods of potential theory can be invoked to obtain the 
desired solution. 
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SAINT-VENANT’S 
design have currently centered considerable 
attention on the complex stress analysis associ- 
ated with the torsion of solid and tubular prisms 
of irregular cross section, knowledge of all 
methods available for solving these problems is 
obviously desirable. For these and other equally 
cogent reasons, a concise but inclusive account 
of the discovery of the salient points of the 
theory of the problem, a review of the known 
exact solutions and a summary of the approxi- 
mate technics developed for treating cross sec- 
tions intractable to analytic attack ought to 
constitute an epitomization not without his- 
torical and technical interest to physicists who 
are concerned with instruction, design or research 
in elasticity, mechanics, stress analysis or kindred 
fields of applied mathematics. To these ends, 
then, the development of the theory and the 
known exact solutions are considered in this 
paper. A succeeding paper will encompass the 
various approximate and experimental methods 
that have been utilized for the solution of the 
torsion problem. 


FUNDAMENTAL THEORY: CHRONOLOGICAL 
DEVELOPMENT* 


Torsion of a linear isotropic prism by a 


twisting couple applied through tangential 
tractions acting on the terminal sections, these 
tractions distributed over the sections according 
to given laws, seemingly was considered ana- 
lytically first by Coulomb. In 1784 Coulomb! 
deduced and confirmed by experiment that the 
torsional moment M of a prism of circular cross 
section is proportional to the product of 7, the 
unit angular twist of the prism, and the fourth 
power of the diameter; in modern notation, 
M=urJ. For some 50 years elasticians used this 
formula for all cross sections; their postulate that 
initially plane cross sections remain plane during 
twisting of the prism yields precisely this ex- 
pression for the moment. In 1829, however, 
Cauchy® utilized the equations of a self-devel- 


* The notation and terminology are those of A. E. H. 
Love, The mathematical theory of elasticity: I,, I,, and J, 
respectively, symbolize the two principal and the polar 
moments of inertia of a plane cross section of area A; 
uw is the modulus of rigidity; o is the Poisson ratio; and the 
other symbols are identified as introduced. 

The numbered references are listed in the Bibliography 
at the end of the article. 

All remarks concerning dates refer to the date of publi- 
cation of the item discussed. 
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oped, general theory of elasticity to obtain for a 
rectangle, M=4yrI,I,/J; for a square, M=yrJ; 
and for a wide, very thin rectangle, M=4uyrI,, 
where J,<J,. A decade later (1839) Saint- 
Venant,’ on examining Cauchy’s rather intricate 
analysis, found it to be faulty; correcting it, he 
obtained for the rectangle, M=8yrJ,J,/3J. In 
1843 Saint-Venant! published an _ elaborated 
version of this analysis, therein pointing out that 
Cauchy’s expression for the rectangle, properly 
interpreted, indicates a distortion of the initially 
plane cross section due, as Saint-Venant then 
thought, to the inequality of the adjacent sides 
of the rectangle; that, as previously mentioned, 
Cauchy’s mathematical analysis is faulty; and 
that his (Saint-Venant’s) new formula, since it 
yields values smaller than those to be obtained 
by experiment, seemingly also is wrong. Four 
years later (1847), in a series of three papers, 
Saint-Venant® correctly formulated the general 
torsion problem and solved the rectangle and the 
ellipse. 

Observing that, as Cauchy’s formulation of the 
torsion problem is incomplete, his (Cauchy’s) 
solution for the rectangle is necessarily wrong, 
Saint-Venant rightly deduced from _ physical 
considerations the equations defining the longi- 
tudinal displacement w and the moment for the 
rectangle, and solved explicity for these quan- 
tities. Remarking in the third paper that a solu- 
tion for any (singly-connected) cross section 
resolves into finding the longitudinal displace- 
ment defined (in a _ righthanded coordinate 
system) by the equations V’w~=0 over the cross 
section, and 


[(dw/dy) +7x ]dx —[(dw/dx) — ry Jdy=0 


on the perimeter of the cross section—the first 
equation stems from the conditions of equi- 
librium, the second from the absence of applied 
longitudinal surface tractions — Saint-Venant 
gave the solution for the ellipse. 

In the course of the next few years Saint- 
Venant extended his researches on torsion with 
the result that a brief note® on the rectangle— 
read before the Société Philomathique in Feb- 
ruary 1853—was succeeded by the comprehensive 
and justly famed Mémoire’ on torsion presented 
to the Académie des Sciences in June 1853, and 
published, enlarged, in 1855. In the memoir, 
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following an exhaustive discussion of the mathe- 
matical theory and physical aspects of torsion, 
are solutions for numerous contours: the circle, 
ellipse, square, rectangle, equilateral triangle and 
certain bisymmetric curves, determined by alge- 
braic equations, to be characterized, roughly, as 
curvilineal ovals, squares, rectangles and Maltese 
crosses variously combining concave and convex 
sides with sharp and rounded corners. Of con- 
siderable interest is Saint-Venant’s observation 
that in all of the cross sections enumerated, the 
fail points, or points of maximum shearing stress, 
are those points of the contour that are nearest 
the center of the cross section; a statement 
generalizing this observation to all cross sections 
was later amended by Saint-Venant in a com- 
prehensive discussion of this point in his edition 
of Navier’s Application de la mécanique. The 
portion of the memoir devoted to tubular prisms 
embraces the solution of the cyclic section 
bounded by two like ellipses, the deduction that 
one cannot obtain from the torsion equations 
the solution for a cyclic section having both 
interior and exterior rectangular boundaries, and 
the observation that the moment of a cyclic 
section is the difference of the moments of the 
full cross sections enclosed by the interior and 
exterior boundaries. Graphical representations of 
the stress distribution over the cross sections, 
numerical calculations of the stresses and 
moments and comparisons—on the basis of 
Saint-Venant’s principle, first stated in this 
memoir—of these calculations with experimen- 
tally determined values serve to enhance the 
technical worth of the formal solutions. 
Solutions for bisymmetric cross _ sections 
bounded by certain quartic curves were given in 
1858. In the same note® Saint-Venant demon- 
strated that, whether the axis of torsion is the 
polar axis or is a line parallel to the polar axis of 
the cross section, the magnitudes of the slides, 
shearing stresses and moment of a circular prism 
twisted through a given angle are constant and 
are, therefore, independent of the axis chosen. In 
the portion struck off in 1860 of Saint-Venant’s 
1864 edition’ of Navier’s Application de la 
mécanique, this conservation of slide, stress and 
moment was proved true for all contours. The 
portions of this book printed in 1858—59 contain, 
together with the formulas of Saint-Venant’s 


earlier work, solutions for two contours deter- 
mined by certain quartic curves, the cross sec- 
tions so bounded approximating a railroad rail 
and an equilateral triangle with two linear sides 
and a hyperbolic arc as base. Significantly, 
Saint-Venant pointed out that although the fail 
points of the cross section approximating a train 
rail are on the contour, in contrast to all other 
cross sections previously studied they are not in 
the points of the contour that are nearest the 
center of the section. 

For the section bounded by confocal ellipses 
Clebsch’ gave in 1862 a solution unique in that 
it marks the first application of curvilinear orthog- 
onal coordinates to Saint-Venant’s problem. 
Five years later (1867) Lord Kelvin" utilized 
Clebsch’s introduction of conjugate functions to 
indicate a general method of solution for the 
curvilineal rectangle bounded by two sets of 
mutually orthogonal systems of curves. IIlus- 
tratively, although an explicit solution was not 
given, the curtate sector bounded by two con- 
centric circular arcs and two radii was discussed 
in some detail. By conjoining his discussion of the 
curtate sector with certain self-noted hydro- 
dynamical analogues—the torsion equations are 
formal analogous of those defining the “irrota- 
tional motion of a nonviscous fluid contained in 
a prism rotating with constant angular velocity 
—Kelvin pointed out that the torsion equations 
yield infinite stress at re-entrant points* and zero 
stress at salient points of a contour. Interest- 
ingly, although Saint-Venant was aware of the 
latter, he was not of the former; indeed, he had 
earlier maintained (Navier, §17) that the slide, 
and hence the shear, would be zero at both 
re-entrant and salient points. 

In a valuable memoir published in 1871 Joseph 
Boussinesq” gave an additional hydrodynamical 
analogue. Introducing the stress function, V=y 
—43(x?+y?),—¢ and y are the real and imaginary 
parts of an analytic function Q, these commonly 
being termed, respectively, the torsion function, 
the conjugate torsion function and the complex 
torsion function—Boussinesq expressed the tor- 

*Interpreted hydrodynamically in connection with 
fluid motion in a rotating prism of sectorial cross section, 
this failure of the torsion equations at a re-entrant point 
of a contour had been noticed and explained earlier by 
Stokes in his famous paper on the uniform convergence of 


infinite series. Beyond doubt, Stokes’ paper is the source 
of Kelvin’s observations. 
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sion equations in terms of this parameter WV; thus, 
Vv’ = —2 over the cross section, ¥ =const. on the 
contour (commonly taken as zero), and 


a f f [y(aW/ay) -+x(a%/ax) Jdxdy 


=2ur ff wardy, 
A 


He then pointed out (i) that the first two equa- 
tions are those characterizing the steady-state 
laminar motion of a viscous fluid having a 
velocity in a pipe of cross section identical with 
that of the nontwisted prism; (ii) that the curves 
v=const. are the lines of shearing stress; and 
(iii) that the normal derivative of ¥ at a point 
on such a curve is proportional to the shearing 
stress at the point. In this memoir Boussinesq 
proved what Saint-Venant had earlier suspected: 
the fail points are always points of the contour. 
He did not assert, however, that the fail points 
are always those points of the contour nearest 
the centroid of the section. As the writer has 
shown elsewhere, this is an erroneous attribution, 
seemingly to be found first in a paper by Filon, 
thereafter in a footnote in the second edition of 
Love’s text, and subsequently in succeeding 
editions of this work and in papers by various 
authors. 

In the course of an extended discussion of 
multiply-connected cross sections—possibly the 
best yet written on cyclic section—Boussinesq 
demonstrated that to insure single-valuedness of 
longitudinal displacement an added boundary 
condition must be satisfied; the complete 
schedule of torsion equations defining the stress 
function is: V2/=-—2, over the cross section; 
W=const., different on each boundary curve; and 


ov 
—ds = —2 (area enclosed), 
on 


around each boundary curve. 

These cyclic equations,* as Boussinesq!™ 
noted, are formally identical with those charac- 
terizing the temperature distribution in a cylinder 
with identical multiply-connected cross section, 
the heat generation and temperature distribution 
over the boundaries being held in a certain pre- 


* Here, as before, Boussinesq’s notation has been changed 
to conform with ours. 
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scribed fashion. In like connection, later writers 
have noted the formal identity of one form of the 
acyclic torsion equations with those character- 
izing: (a) the motion of a nonviscous fluid of 
uniform vorticity circulating in a fixed prism 
(Greenhill'®) ; (b) the vector potential of a longi- 
tudinal current of uniform density in a prism 
with a close-fitting, infinitely-conducting sheath 
(Heaviside,!® 1887); (c) the lateral displacement 
of a uniformly loaded homogeneous membrane 
supported on a horizontal contour, identical with 
that of the prism, by a uniform edge tension— 
an analogy which has proved to be of great 
practical value (Prandtl,!” 1903); (d) the vector 
potential produced by a longitudinal current of 
uniform density in a prism of infinite permeability 
(Strutt,'® 1927); and others which could be 
mentioned. 


Boussinesq’s memoir marks the end of the period of 
formulation of important theory and of discovery of the 
salient phenomena associated with Saint-Venant’s torsion 
problem. Subsequent minutiae of certain interest are to 
be noted. For example, in 1879, Saint-Venant!? demon- 
strated that the moment of many singly-connected cross 
sections is given by M=XAur/J, where X, a constant 
determined by the geometry of cross section, is approxi- 
mately 0.025 for sections without appreciable concavity; 
and, in his 1883 edition®® of Clebsch’s Theorie der Elastizitat 
der fester Kérper, pointed out that as the cross section 
bounded by like ellipses is the only doubly-connected 
cross section bounded by similar curves for which the 
torsion equations can be formally solved, the prism with 
annular cross section is the only prism of uniform wall 
thickness for which the torsion equations can be formally 
solved; in 1924, E. Nicolai*! formulated an upper limit for 
the torsional rigidity, C=2EIJ,I,/(1+0)J; in 1928, 
B. Meisel” proved that for acyclic cross sections the mean 
surface shearing stress is given by tm=2urTrm, where fm is 
the mean radius of cross section, the ratio of area of cross 
section to length of perimeter; and in 1932, E. Callandreau* 
proved that the circular annulus is the only primitively 
plane cross section which remains plane after torsion. 
For the most part, however, succeeding effort has been 
devoted to obtaining exact solutions for specific cross 
sections and to effecting and applying approximate tech- 
nics—analytic, experimental, numerical and empiric— 
for studying cross sections not amenable to exact mathe- 
matical solution. 


THE EXACT SOLUTIONS EFFECTED TO DATE 


Diverse methods have been employed for ob- 
taining an exact solution of the torsion problem 
—that is, for obtaining an analytic solution by 
a scheme other than one mainly variational (for 
example, that of Ritz or Galerkin) or mainly 
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numerical (for example, that of Liebmann or 
Southwell). 


Apart from trick procedures, each developed for a 
particular cross section, we mention: (1) the inverse method, 
employed by Saint-Venant for most of his solutions—a 
solution y of Laplace’s equation equated to }(x?+?) 
+const. yields the equation of the contour of which y is 
the conjugate torsion function; (2) the method of images— 
invented by Kelvin and applied to the torsion problem 
by Hay; (3) various versions of Lamé’s method, first ap- 
plied to the torsion problem by Clebsch—an area bounded 
by arcs of curves of two mutually orthogonal families can 
be considered a rectangle in Lamé’s curvilinear coordi- 
nates; by Fourier analysis a harmonic function sought in 
this area can be represented by an infinite double series of 
trigonometric functions with constant coefficients de- 
termined in accordance with the given boundary condi- 
tions; (4) conformal mapping—commonly, the given cross 
section is mapped on an upper half-plane or a unit circle, 
and the stress or conjugate torsion function sought is 
determined by a standard analytic procedure appropriate 
to the transformed boundary (thus, by use of Poisson’s 
integral, Green’s function, Schwarz’s integral or the 
like); (5) a certain direct use of the complex variable 
—if the boundary equation can be written in the form 
c2=Z(a,s"+4,2"), the complex torsion function is directly 
discernible as Q=7Za,3"; (6) interesting devices due to 
Allara, Kolossoff, Kond6 and others, description of which 
is deferred; and (7) a very powerful method but recently 
developed by Rosa M. Morris—if the conformal trans- 
formation is known or is determined by which either (i) the 
interior of the cross section is mapped on the interior of a 
circle or (ii) the exterior of the cross section is mapped 
on the exterior of a circle and the transformation continues 
into the circle in such manner that the interior of the 
cross section is mapped on a ring inside the circle, then 
substitution of particular coefficients of the transformation 
into appropriate general formulas yields the complex 
torsion function. 


As, however, in a particular problem the geo- 
metric configuration of the given cross section 
essentially fixes the method to be employed—at 
least, if ease of solution is a paramount considera- 
tion—connectivity and coherence of discussion 
stem from considering the prisms whereof exact 
analytic solutions of the torsion problem have 
been effected as comprising four classes, differen- 
tiated according to geometry of cross section: 
rectilinear polygons with one or more infinite 
sides, closed rectilinear polygons, cross sections 
bounded by arcs of one or more circles and cross 
sections bounded by arcs of other algebraic curves. 

Subsequent to Saint-Venant’s previously men- 
tioned solutions of the rectangle and equilateral 
triangle, Kétter™ was the first to effect a solution 
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for a polygonal cross section. In a paper published 
in 1908, of especial interest in that it possibly 
contains the first direct use of the complex 
variable for solution of the torsion problem, 
K6tter, formulating Saint-Venant’s problem as 
the search for an analytic function whose 
imaginary part y satisfies the boundary condition 
¥=3(x?+y"), conjoined the known solution of 
the rectangle and the Schwarz-Christoffel trans- 
formation to obtain approximate expressions for 
the conjugate torsion function and the moment 
of a right-cornered angle with finite legs of equal 
thickness but of unequal length. 

Twelve years after K6tter’s work (1920), in a 
much referred-to paper the German mathema- 
tician Eric Trefftz*® outlined a method of solution 
applicable to all rectilinear ‘polygons. Mapping 
the general polygon on .an upper half-plane 
enabled Trefftz to express d?Q/dz* as a complex 
integral, hereafter termed Tvrefftz’s integral, in- 
volving the parameters geometrically charac- 
terizing the polygon; evaluation of this integral, 
two successive integrations of the resulting 
expression and determination of the constants of 
integration yielded the complex torsion function. 
Theoretically, Trefftz’s integral furnishes the 
solution for any rectilinear polygon; practically. 
evaluation of the complex integral is a formidable 
task and explicit solutions have been obtained 
for but a few polygons. Of these, one is the right- 
cornered angle with infinite legs of equal thick- 
ness, a figure that Trefftz, to illustrate his general 
analysis, considered in detail. It is not unlikely 
that the stress graph for this figure suggested to 
Trefftz?* a succeeding work (1922), namely, the 
determination of the maximum stress in the 
infinite-legged angle with rounded inner corner. 
In turn, the analysis and deductions of this study 
prompted the later investigations of Dassen?’ 
(1923) and of Tsumura?® (1930) into the stress 
distribution in angles with inner rounded corners 
and flanges of equal finite length and of equal 
thickness. 

Trefftz’s general analysis is the basis of 
Schmieden’s*® study (1930) of infinite-legged, 
right-cornered polygons approximating cross 
sections of structural members: the T with flange 
and web of different thickness, the U with flanges 
and web of different thickness, and the angle of 
unit thickness. Schmieden used the results for 
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these polygons to effect approximate solutions for 
the uniformly thick, finite-legged, right-cornered 
angle, T, and Z; and compared unit twists cal- 
culated from these new formulas with those cal- 
culated from a much-used empiric formula given 
earlier by A. Féppl.*° Thereon concluding that 
the latter’s formula yields values larger than 
those occuring in an actually stressed prism, 
Schmieden calculated, for the structural shapes 
mentioned, correction factors to Féppl’s formula. 
Although this formula is found in many modern 
texts, Schmieden’s remarks concerning its cor- 
rectness apparently have escaped general notice. 

The T with infinite legs of equal thickness was 
shortly considered (1931) in greater detail by 
Sokolnikoff.** Pointing out that Saint-Venant’s 
torsion problem is but a specific instance of the 
first Dirichlet problem and that the latter is 
completely solved by Poisson’s integral, Sokol- 
nikoff utilized this last to express the torsion 
function as a sum of infinite integrals, evaluated 
these integrals approximately and plotted the 
stress lines in the T. The advantages claimed for 
this mode of solution compared with that of 
Trefftz were argued (1934) by Seth® who, in 
support of his contentions, employed Trefftz’s to 
obtain the complex torsion function for the 
rectangle and for the infinite-legged, right- 
cornered T with web and flange of different 
thickness, and to indicate the solution for the 
angle with one finite and one infinite leg. Like- 
wise, Trefftz’s analysis is employed in the most 
recent work (1934) on infinite-sided rectilinear 
polygons: that of Okubo,** concerned with the 
determination of the surface stress-distribution 
in a prism with cross section comprised of a 
semi-infinite rectangle having its short side in 
common with the hypotenuse of an isosceles 
right triangle. 

Of the class of closed polygons Saint-Venant 
solved the equilateral triangle by the inverse 
method and the rectangle by taking the conju- 
gate torsion function as a double Fourier series 
and determining the constant coefficients in 
accordance with the boundary condition. From 
equivalent series expressions for the rectangle, 
Goetzke** calculated (1909) approximate ex- 
pressions and a table of constants, to facilitate 
numerical calculation of the moment and of the 
maximum stress. 
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Ten years later (1919) the Russian engineer 
B. G. Galerkin®® combined a simple rotation of 
axes, the method of undetermined coefficients 
and knowledge of symmetry of stress distribution 
to effect a solution for the lateral displacement 
and thence the stresses, moment and _ torsion 
function for the isosceles right triangle. On the 
basis of this paper Galerkin is credited in refer- 
ence texts with first solving this particular cross 
section; but four years previously (1915) L. S. 
Leibenzon** had published in a rather obscure 
Russian journal a series expression for the stress 
function. A decade ago (1931) Ishibashi*? em- 
ployed an equivalent form of this expression to 
effect an exhaustive study of the stress distribu- 
tion in the isosceles right triangle. In 1924 
Kolossoff® advanced a different solution: two 
forms of the known solution of the rectangle were 
combined with an arbitrary parameter; a certain 
choice of this latter yields the conjugate torsion 
function for the isosceles right triangle; over a 
limited range of the parameter other choices 
yield expressions closely approximating the con- 
jugate torsion functions of other right triangles. 
Tsumura in 1933 and Seth in 1934 pointed out 
that, for a regular polygon, integration of the 
complex integral expressing d?Q/dz’ (Trefftz’s 
integral) is considerably simplified if the cross 
section is mapped, not on an upper half-plane as 
Trefftz did, but on a unit circle. Proceeding in 
this manner Tsumura*® gave new general for- 
mulas for the complex torsion function, its 
derivatives and the shearing stresses; and he 
calculated the maximum stresses in a number of 
regular polygons and found these last to be in 
good agreement with those calculated from test 
data on mild steel prisms of triangular, square 
and hexagonal cross section. Yet later experi- 
ments’? on these and, in addition, octagonal 
cross sections corroborated certain theoretical 
relationships between the moment and the angle 
of twist. Seth, likewise mapping the regular 
polygon on the unit circle, expressed the complex 
torsion function, the moment and the shearing 
stresses of regular polygons in terms of gamma 
and elliptic functions, illustrating his analysis by 
derivation of the known complex torsion func- 
tions of the equilateral triangle and square. 
The same year (1934) Seth,® utilizing certain 
known integrations of Trefftz’s integral due to 
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Love, obtained the known torsion functions of 
the equilateral and isosceles triangles and that 
of a new cross section, the 30°-60°—90° triangle. 
While by two different methods Seth thus 
directly obtained explicit solutions of the cross 
sections mentioned, Hay** demonstrated later 
(1939) that all of the cross sections treated by 
Seth and, in addition, the general rectangle can 
be treated by the method of images: he outlined 
the general procedure and illustrated it by deter- 
mining the complex torsion function and the 
torsional rigidity of the 30°-60°-90° triangle. 

Special attention is merited by an ingenious 
method applicable to cross sections composed of 
an arbitrary number of rectangles with sides 
parallel to the coordinate axes (although this 
restriction can be removed); it was specifically 
applied (1932) by its inventor Kondé“ to the 
right-cornered angle with legs of arbitrary length 
and thickness. For each rectangle one seeks a 
function, expressed as an infinite series with 
arbitrary constant coefficients, that satisfies, in 
the particular rectangle, the differential equation 
of the stress function and that satisfies, on the 
exterior sides (with reference to the entire cross 
section), the boundary condition of the stress 
function. On the side common to two rectangles 
the stress functions concerned are unknown 
functions of x or of y alone; but as the lines of 
stress are continuous across this common side, 
the normal derivatives of the two stress functions 
are equal. This condition makes it possible to 
determine the constant coefficients of the various 
series which express the stress functions over 
particular rectangles. 

A year later (1933), in order to solve the 
general isosceles and general right triangles, 
Kond6** employed a variant of the analysis just 
described: thereby the stress function and the 
stress components of each of these triangles were 
found as the sum of two infinite double series; 
whence were plotted the stress lines of certain 
triangles of interest. Apropos, it is worthwhile 
to mention that, in 1933, Duncan, Ellis and 
Scruton,*® in the course of researches into the 
location of the center of twist of an elastic 
cylinder, found by Ritz’s variational method and 
to a low degree of approximation the stress 
function and the moment of the general isosceles 
triangle. 


In two papers published in 1935 and 1936 
Sawada*’ utilized the inverse method to obtain 
the stress function, and thence the stress distri- 
bution, of a great variety of cylinders, the cross 
sections of which can be characterized as 
lozenges, rectangles, triangles or hexagons with 
sides linear or but slightly concave and with 
right or slightly rounded corners. 

The circle, the simplest of the class of cross 
sections bounded by one or more circles, Coulomb 
solved in 1785. Some 80 years later Kelvin," 
amplifying Clebsch’s application of Lamé’s cur- 
vilinear coordinate to the torsion problem, con- 
sidered as illustration of his remarks the curtate 
sector, the curvilinear rectangle bounded by two 
arcs and two radii of concentric circles. Kelvin 
merely indicated the form of the solution: a 
decade passed before Saint-Venant*® worked out 
explicit expressions for the torsion and conjugate 
torsion functions, the moment and the shearing 
stresses. The general solution of the curtate 
sector obtained, Saint-Venant went on to con- 
sider details connected with certain limiting 
forms of special interest by virtue of their use 
as engineering members. Calculation of the 
moments of the full sector for a number of central 
angles revealed that, as the sector tends to the 
limiting form of a circle slit along a radius, the 
moment tends to a value but little larger than 
half that for a full circle. Thus initiated, and 
being of practical engineering interest, the study 
of the effects of slits and notches on the strength 
of a cylindrical shaft was advanced thereafter 
by various writers in many lengthy and complex 
papers that here are mentioned merely as to 
cross section treated and mode of solution 
employed. 

Though the curtate sector, and hence its 
limiting forms—the full sector, the circle split 
from circumference to center along a radius and 
the split annulus—was completely solved by 
Saint-Venant, these cross sections have been 
re-examined by later writers from other and 
various points of view :* the curtate sector (1912) 


* To forestall possible comment, we mention that from 
about 1870 to 1890 the corresponding hydrodynamical 
problem for nonviscous liquids in rotating vessels of sec- 
torial and other cross section was considered by Greenhill, 
Hicks and others in a number of papers published chiefly 


in the Messenger of Mathematics and the Quarterly Juornal 
of Mathematics. 
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by Dinnik,*® through use of the Fourier-Bessel 
series; exhaustively (1918), by Young, Elderton 
and Pearson,*° in connection with the solution of 
the flexure of cross sections having but one axis 
of symmetry, these cross sections being torsed 
as well as flexed when a load having a component 
perpendicular to the axis of symmetry acts 
through the centroid (as far as I know, Clebsch® 
was the first to note this phenomenon); the 
sector (1938) by Stevenson,” the complex torsion 
function being treated as one of the six canonical 
complex functions satisfying certain kindred 
boundary conditions, the search for which is 
Stevenson’s reformulation of Saint-Venant’s clas- 
sical flexure problem; the very thin split annulus 
(1930) by Villat and Roy, using the complex 
torsion function determined by Villat in the 
course of an earlier hydrodynamic investigation 
of the Dirchlet problem for the annulus. Certain 
physical interpretations of Villat and Roy’s 
analysis were subsequently criticized (1931) by 
Mesnager.** The latter’s words may have in- 
spired Roy’s®® subsequent discussion (1931) of 
the various physical conclusions to be drawn 
from an analysis of the very thin slit annulus. 

The eccentric annulus bounded by two non- 
concentric circles was first solved (1893) by H. 
M. Macdonald,** better known for his electrical 
studies, through conformal mapping of the 
annulus on a rectangle and utilizing Fourier 
analysis to construct the series defining the 
torsion and conjugate torsion functions; these 
obtained, the shears and moments are easily 
found. An independent solution in terms of 
dipolar coordinates, originally initiated (1920) 
by A. and L. Féppl,*” was carried to completion 
(1932) by E. Weinel®® in a paper containing 
numerous curves that excellently illustrate how 
the magnitudes of the moment and the maximum 
shearing stresses vary as functions of the radii 
defining the cross section. In other and less ex- 
haustive fashion this cross section has been con- 
sidered by Young, Elderton and Pearson,*° 
(1926) by Grinberg and Paschoud®® and (1939) 
by Morris.® 

By the inverse method the circle notched by 
(1) a smaller circle with center on the perimeter 
of the larger or (2) a small wedge has been con- 
sidered (1921) by C. Weber® as items in a 
lengthy paper valuable to engineers for the 
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many formulas and numerical data, approximate 
and exact, pertinent to cross sections in common 
structural use. This paper Weber® later (1922) 
abstracted, setting out the essentially technical 
content for greater ease of use. 

In 1932, studying the flexure of slit and notched 
circular shafts, Shepherd® mapped the cross 
section conformally on a rectangle and thus 
resolved the torsion problem for circle with one, 
two or four equiangularly spaced, radial slits of 
arbitrary but equal depth.* In similar fashion 
solutions were effected for a circle notched by 
one or by two equiangularly spaced, smaller 
orthogonal circles. The circle singly notched in 
this manner—this cross section is of considerable 
interest as it is that of a circular shaft with a 
frequently-used, standard key-way—had been 
solved earlier (1919) by Gronwall® through use 
of the appropriate Green’s function. Two decades 
later (1939), by conjoining the complex Green’s 
function with conformal mapping, Rossbach® 
effected the solution for a circle singly and sym- 
metrically notched to an arbitrary depth by two 
orthogonal arcs. The previously solved, limiting 
cases of this cross section—the circle singly slit 
to an arbitrary radial depth and the circle singly 
notched by a smaller orthogonal circle—were 
considered in detail by Rossbach; they afford 
exposition and confirmation of his solution for 
the general cross section. 

In 1938 the complex and conjugate torsion 
functions for the bisymmetrical lenticular cross 
section bounded by orthogonal circular arcs were 
derived by I. S. and E. S. Sokolnikoff® as illus- 
tration of a little-noticed mode of solution 
advanced a decade earlier by Mouskhelichvili® 
—essentially, the complex torsion function is 
expressed as a modified form of Schwarz’s in- 
tegral (the complex analogue of Poisson’s inte- 
gral); in turn, this integral is evaluated by the 
theory of residues. The following year (1939), in 
connection with the flexure of the cross section 
bounded by two orthogonal circular arcs, Wig- 
glesworth and Stevenson®* accomplished, in 
practically Mouskhelichvili’s fashion, a solution 
valid for both the singly notched cross section 
and, newly, the general lenticular cross section. 
Their formal solution is complemented by an 


* For corrections to this paper see reference 81, p. 508; 
and for re-corrections, reference 52, p. 199. 
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exhaustive study of the magnitudes of the 
moment and shearing stress as functions of the 
definitive radii of the cross section. 

Very complete solutions for (1939) a circle slit 
along an arbitrary internal segment of a diameter 
—by conformal transformation onto a rectangle, 
followed by application of an integral formula 
solving the Dirichlet problem for this kind of 
doubly-connected area—and for (1941) a circle 
with two slits of arbitrary depth taken along 
opposite ends of a diameter—by conformal trans- 
formation onto an upper-half-plane followed by 
use of Schwarz’s integral—have been accom- 
plished by Wigglesworth®® in interesting and 
detailed papers conspicuous for the wealth of 
numerical data included. 

The torsion of acylinder with section a segment 
of a circle has been considered by Ishibashi.”° His 
results are expressed in terms of infinite integrals, 
a form not particularly satisfactory for numerical 
computation. 

A most interesting paper comprises Kondd’s 
study of cross sections having the form of a cir- 
cular disk pierced by a number of smaller circular 
holes with centers equiangularly spaced on a 
circle concentric with the outer boundary. The 
general method of analysis is too lengthy to detail 
here. Kondé illustrates its application by obtain- 
ing the stress function and plotting the stress 
lines for the disks pierced by two, three or four 
circular holes of radius one-quarter that of the 
outer boundary, these having centers equiangu- 
larly spaced on a circle of radius one-half that of 
the outer boundary. 

Of the class of cross sections bounded by arcs 
other than linear or circular, the first solutions 
subsequent to those aforementioned as solved 
by Saint-Venant and Clebsch are attributable to 
Filon.” Primarily, Filon’s study (1899) was one 
to ascertain the reduction of torsional strength 
in keyed shafts. Doubtless, his interest in this 
problem was prompted by the earlier specu- 
lations (1892) of the Irish physicist Joseph 
Larmor,”* who had_ utilized hydrodynamical 
analogues to discuss intuitively the effects of 
longitudinal surface flaws and of internal cavities 
on the torsional strength of cylindrical shafts and 
who had hazarded approximate magnitudes for 
the increase in the shearing stress for various 
locations of the same inner contour. Filon gained 
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numeric insight into the weakening effect of 
surface notches through his solutions (by Lamé’s 
method) of cross sections bounded by arcs of 
orthogonal confocal ellipses and hyperbolas: an 
ellipse and two confocal hyperbolas; an ellipse 
and two branches of a hyperbola, a limiting case 
being an elliptical section doubly slit along the 
major axis to the foci; an ellipse and one hyper- 
bola, yielding as limiting cases the semi-ellipse, 
an ellipse notched by a rectangular hyperbola 
and an ellipse with a single slit in the major axis 
to one focus. The cross sections bounded by an 
ellipse and by confocal ellipses have been solved 
(1939) in other fashion by Rosa M. Morris” as 
illustrations of certain peculiarities to be en- 
countered in the use of her new method for 
attacking potential problems. 

In a novel fashion Allara™> has found (1922) 
the torsion and conjugate torsion functions of a 
section comprising the area bounded by a certain 
hyperbola and a line segment perpendicular to 
its axis of symmetry. First the boundary equa- 
tion is expressed in Cartesian coordinates referred 
to axes through the centroid, this equation being 
written with variable terms and constant terms 
constituting, respectively, the left- and right- 
hand members; next +n(x?+-y?) is added to the 
left-hand member; 1 is determined from the 
condition that V? operating on the left-hand 
member M(x,y) of the resulting expression 
yields zero; whence the conjugate torsion func- 
tion follows from y= M(x,-y)/2n. The curves 
that can be solved by Allara’s method can also 
be solved by Stevenson’s direct use of the 
complex variable. Elsewhere the writer’® has 
given criterions for determining whether or not 
a given cross section can be solved by Stevenson’s 
method. 

In 1925 Galerkin’ studied cross sections 
bounded by arcs of orthogonal confocal parabolas 
and segments of the coordinate axes, obtaining 
by Lamé’s method the stress function, moment 
and stress components for the areas with con- 
tours: the arcs of two orthogonal parabolas; arcs 
of two orthogonal parabolas and a segment of 
their common axis; a parabolic arc and segment 
of the coordinate axis perpendicular to its axis of 
symmetry; and two parabolas and a parabola 
orthogonal to them. The first of these cross 
sections was re-studied four years later (1929) by 
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Anderson and Holl.’* Their paper contains, in 
addition, considerable numerical data regarding 
the moment and the stored energy of the twisted 
cylinder. 

In 1929 Mouskhelichvili® found the complex 
torsion function for the cross section having the 
shape of a loop of Bernoulli’s lemniscate. By 
Lamé’s method this cross section had been 
studied by Young, Elderton and Pearson®*® in 
1918: however, as Stevenson®? found in 1938 in 
the course of solving the flexure problem for the 
same cross section, their solution is erroneous, 
failing on a most subtle bit of analysis. In 
Stevenson’s paper* is to be found the corrected 
solution and, in addition, that for the half-loop 
of Bernoulli’s lemniscate. Until recently (1939) 
when Solonoutz,”® investigating by the inverse 
method solutions representable as the product of 
two polynomials of the third degree, found the 
stress function for two domains bounded by 
members of a family of straight lines and a family 
of cubics, this half-loop and the first two of 
Galerkin’s four parabolic cross sections were the 
only asymmetrical sections that had been solved 
exactly. 

The cardioid was first solved (1929) by 
Shepherd ;®° expressions for the torsion and con- 
jugate torsion functions, the shears and the 
moment were given in simple closed form. Later, 
in connection with the flexure problem of the 
same section, solutions were effected in various 
fashion by (1936) Shepherd,* Stevenson® and 
(1940) Morris.® © The torsion problem of the 
elliptic limagon was treated almost simulta- 
neously (1939) by Stevenson® and by Holl and 
Rock,* the former by use of his canonical func- 
tions, the latter by mapping the limagon on a 
unit circle followed by use of the appropriate 
Green’s function obtained through Poisson’s 
integral. 

The elliptic limagon is the inverse of an ellipse 
with respect to a focus. The solution of the 
cross section that is the inverse of an ellipse with 
respect to its center has been investigated (1942) 
by the writer;®> the torsion, conjugate torsion 
and stress functions, the components of the 
shearing stress and the moment were determined 
by Morris’ method. Since this work was com- 


* Corrections to which are given in reference 52, p. 566. 


TORSION 


PROBLEM 257 
pleted, the writer has found that Mouskhelich- 
vili®’ had given other expressions for the complex 
torsion function and for the shearing stress on 
the contour but had omitted the details of the 
solution; and that Sokolnikoff§* had supplied 
(1941) the omitted analysis and had given an 
expression for the moment. 

In 1929 Mouskhelichvili® found the complex 
torsion function, the moment and the com- 
ponents of the shearing stress for the epitrochoid 
without double points. Likewise in 1929, con- 
cerned primarily with determining the stress dis- 
tribution in keyed or grooved shafts, Tsumura®’ 
through use of curvilinear coordinates obtained 
series expressions for the conjugate torsion 
function and the moment of cross sections 
bounded by the curves a=const. and B=const. 
in the conformal transformation 


— ei(a+ip) + Acin(atis) + Bei(2n—D (at iB) | 


Obviously, in addition to an indefinite number of 
new solutions, these general expressions implicitly 
furnish the solutions for many of the afore- 
mentioned cross sections. 


The epitrochoid and the hypotrochoid are curves in- 
cluded in the complex net—those defined by B=0 and 
appropriate choice of a, 8 and n. The epicycloid, the 
limacon and the cardioid, and the hypocyloid, the ellipse 
and the circle are, in the order given, increasingly simple, 
special cases of, respectively, the epitrochoid and the 
hypotrochoid. 


Finally, a method of solution for the sector 
with two linear sides and an arbitrarily curved 
base has been indicated (1925) by Kolossoff and 
Gawra.** Jf the equation of the curved base can 
be written in the form 2¢(z, Z)-++-2A =0—where 
$(z, 2) is a polynomial in the complex variable 
z and its conjugate 2, A=(1+k?)/2(1+k*) and 
the linear sides are given by 2+2—22ZA~-'=0 or 
y? = k?x?—one can form the expression, 


¥ da(2"-+2") = (2"-42"—22A-")6(s, 2). 
n=0 


In this expression the conjugate torsion function 
is discernible; it is 


A(x?—y?) +24 > a,(2"—2"). 
n=0 


The authors note that the sector with an included 
angle of 45° and base a certain family of hyper- 
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bolas can be solved in this fashion. The details 
of solutions are to be found in an unpublished 
dissertation by Gawra.*® 
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Attendance at the State College Meeting 
of the Association 


HE registration of those in attendance lists 50 mem- 


bers and 110 nonmembers. Members who registered 
were: 
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H. L. Dodge, University of Oklahoma; Elsie Dollman, U. S. Ordnance 
Department; D. C. Duncan, Pennsylvania State College; V. E. Eaton, 
Wesleyan University; C. R. Fountain, Amherst College; W. R. Fred- 
rickson, Syracuse University; I. M. Freeman, Central College; P. F. 
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Gaehr, Wells College; G. O. Gale, Grinnell College; R. C. Gibbs, Cornell 
University; G. E. Grantham, Cornell University; A. N. Guthrie, Rhode 
Island State College; R. E. Harris, Lake Forest College; R. C. Hitch- 
cock, Indiana State Teachers College; J. H. Howey, Georgia School of 
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Kentucky; R. L. Weber, Pennsylvania State College; M. W. White, 
Pennsylvania State College; E, E. Witmer, Pennsylvania State College; 
J. W. Woodrow, Iowa State College. 
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RECURRING dilemma in the teaching of 

elementary physics involves the discussion 
of those topics that require the methods of cal- 
culus for adequate treatment. One solution is to 
omit such topics, but this is often not desirable. 
The other solution commonly resorted to is to 
use methods that happen to work in the par- 
ticular circumstances; thus, in discussing the 
topic of motion with constant acceleration, it 
happens that the variation of speed with time 
is linear, so that a fictitious constant speed— 
the average—can be used to obtain the correct 
result. In many cases no such simple method is 
available. 

In a number of instances, where the variation 
is monotonic, it is possible to give a fairly satis- 
factory oral treatment if plenty of time is avail- 
able. The method consists essentially in following 
the variation step by step; the procedures re- 
semble those of calculus except that no attempt 
is made to pass to a limit. I shall illustrate the 
application of this method by discussing some 
topics which are usually skimmed over in ele- 
mentary textbooks. The method is essentially 
an oral one, involving considerable repetition, 
frequent pauses to summarize or outline, and 
continual close attention on the part of the 
student. It is not well adapted to written pre- 
sentation. 


THE PARACHUTIST 


Elementary textbooks give little if any em- 
phasis to the fact that falling bodies seldom have 
the acceleration g, or any other constant accelera- 
tion. Let us discuss the motion of a falling object 
that is acted on both by its own weight and by 
a resisting force which increases as the speed 
increases, though not necessarily proportionally. 
If the object is dropped from point A, Fig. 1, 
its weight is at first the only force of appreciable 
magnitude acting, so that for a short time the 
acceleration is g and the speed increases with 
time approximately linearly. When the object 
has reached some point B, the air resistance has 
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become appreciable, although it is 
small. The resultant force is now 


B less than the weight, and the new 
acceleration is less than g. Since 
C the speed of the object continues 


to increase, when it reaches point 
C the resisting force is still larger, 
the resultant force still smaller and 
the acceleration still less. It be- 
comes clear that a condition is 
necessarily approached in which the 
resultant force is zero, so that the 

Earth Object has no acceleration and 
therefore comes to have a constant 
terminal speed. 

Not only is this topic of interest in itself, but 
it provides an illustration of a type of frictional 
resistance which is an analogue of the electric 
resistance of a wire. 





ric. 1. 


SIMPLE HARMONIC MOTION . 


It is the custom in elementary textbooks to 
discuss simple harmonic motion by means of an 
auxiliary particle moving in a reference circle 
with constant speed. That treatment is open to 
several kinds of objection: aesthetic, because it 
describes the real motion of a real object by an 
alleged motion of a fictitious object in a non- 
existent path; pedagogic, because it distracts 
attention from the main point, namely, that the 
object executes the intricate details of its par- 
ticular motion solely because it is compelled to 
do so by the resultant force which acts upon it; 
logical, because the customary treatment does 
not start from the law of force and end with the 
discovery that the motion is periodic. Instead, 
the periodic characteristic appears explicitly in 
the definition, and the fact that the resultant 
force is proportional to the displacement is 
proved. When a student shows that a certain 
spring is described by Hooke’s law he has found 
that the conclusion of the theorem is true in his 
experimental situation; can he deduce then that 
the hypothesis must necessarily be true? This is 
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an example of a theorem whose converse is very 
difficult to prove. Let us discuss this topic, using 
“oral calculus.” 


An object is required to move in response to a 
resultant force which is given by F=—kx, x 
being measured along the line BA (Fig. 2) from 
a fixed point C. The discussion is in distinct 
parts, each part establishing a specific proposi- 
tion concerning the motion. 


(1) The motion is limited to a region around the point C. 
When the boundaries of the motion are shown to exist they 
will be represented by points A and B of Fig. 2, and C will 
be the midpoint of AB. Consider the object to be at any 
point P and moving away from C. It is acted on by a 
resultant force toward C, therefore slows down to some 
extent and arrives at P’ with a smaller speed. At P’ the 
resultant force is larger than at P, the acceleration toward 
C is larger and the speed decreases more rapidly than it 
did before. Proceeding step by step we find in this way 
that there must be some point A where the object will be 
momentarily at rest, and beyond which it cannot go since 
the acceleration at A will start the object back toward C. 
At this point in the discussion it is well to summarize, 
pointing out that the conclusion has been deduced using 
only the special law of force and Newton’s second law of 
motion. ; 

(2) The speed of the object remains finite. On the return 
trip the object starts from rest at A with a large accelera- 
tion; that is, its speed increases rapidly. At A’ the accelera- 
tion is smaller than at A, so the speed increases less rapidly. 
Since the distance CA has been shown to be finite, the time 
required for the object to reach C is also finite; with finite 
accelerations the object cannot acquire a speed greater 
than some finite limit. The speed is greatest at C. 

(3) The speed of the object depends only on its position. 
Consider again the motion from A’ to A. The object has 
a definite speed v at A’, which is reduced to zero in a 
definite time interval AZ, the time taken to go from A’ to A. 
The accelerations which caused this reduction in speed 
depend only on the values of x between A’ and A, since 
a=-—kx/m, m being the mass of the object. On the return 
trip the object has zero speed at A, and at each point the 
same acceleration as before. At the end of the same time 
interval At the object will have the same speed v. It remains 


B € - A’ A 


Fic. 2. 


to show that it will then be at A’. Since the same range of 
speeds—between 0 and v—and the same time interval are 
involved, it is quite plausible that the same distance should 
be traversed. In a similar way it can be argued that the 
return trip from A’ to P’ duplicates the outward trip from 


P’ to A’ in reverse, involving in particular the same time 
interval. 
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(4) The motion is periodic. The previous argument, ex- 
tended step by step from C to A and back, shows that the 
time taken for the outward motion is the same as that for 
the return. Also, since the object starts from C toward B 
with the same speed as it had when starting toward A, 
the times taken to traverse CB and BC both equal the 
time to traverse CA. At the end of a cycle the object starts 
from C toward A with its original speed. Therefore, the 
second cycle will exactly duplicate the first in every detail, 
in particular, in the total time required. Again a summary 
is needed: using Newton’s second law and the special law 
of force it has been shown directly that the motion must 
be periodic. 

(5) A formula for the period. A complete discussion of 
the motion ought to result in a formula for the period. 
The method fails to yield the correct formula, but it may 
be of some interest to see how close it comes. We shall try 
to find the time required for one quarter of the cycle, from 
AtoC. 

During this part of the motion the acceleration ranges 
from zero to a maximum magnitude given by ks/m, where, 
for convenience, we designate the distance AC by s. If 
we make the naive assumption that the motion can be 
considered equivalent to a motion with constant accelera- 
tion equal to the arithmetical average of these extreme 
values, we can calculate the time ¢ taken to traverse the 
quarter cycle. This time is determined from the equations 
s= jal? and a=ks/2m, and we find that t=2(m/k)*. The 
expression for the period of the motion thus obtained 
is T=4t=8(m/k)*, whereas the correct expression is 
T =2x(m/k)}. 

By considering the merits of the original assumption we 
can make a qualitative correction to the wrong result 
obtained. We averaged the extreme accelerations as if they 
were of equal weight. In fact, the object spends very little 
time at C, where its speed is a maximum, and lingers near 
A, where its speed is close to zero. Thus the object has the 
larger accelerations for longer times than the smaller ones; 
the proper average acceleration is larger than the one used. 
This change would have made the period smaller. The 
dependence of the period upon (m/k)* is, however, cor- 
rectly shown, as is the fact that the actual distance s cancels 
out and does not affect the expression for the period. 


ALTERNATING CURRENT IN A CONDENSER 


The method of ‘‘oral calculus’ is, of course, 
not restricted to mechanical situations. Con- 
sider the problem of showing that the alternating 
current through a condenser leads the applied 
voltage by a quarter cycle. Let us follow the 
charges on the plates R and L of a condenser 
(Fig. 3), starting when the applied voltage is 
almost at its maximum value and with plate R 
positive. . 


The voltage varies only slightly near the maximum, as 
is seen from Fig. 3(6). Thus the charge on each plate tem- 
porarily remains practically constant, and the current 
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through the condenser is practically zero (times / and 2). 
Later the voltage decreases (time 3), although plate R is 
still positively charged. The positive charge on R will be 
less than at time 2, since the potential difference holding 
the charges on the plates has been reduced. Therefore, 
positive charge has begun to flow away from R, although 
the a.c. supply still furnishes a potential difference directed 
toward R. At time 4 the plate L will be charged positively, 
so positive charges must continue to flow from R toward L 
between times 3 and 4, even though the potential difference 
passes through zero and then becomes negative. At time 5 
plate Z is charged positively almost to its maximum, so 
charges flow only slowly toward L at the time when the 
potential difference directed toward L is largest. 

Thus charge begins to flow toward LZ a quarter-cycle 
before the voltage is directed that way, and stops flowing 











N approaching the topic of training men in 

acoustics and supersonics for war research, 
it seems desirable to discuss four aspects of the 
training program: first, why it is necessary to 
offer such training; second, the course content, 
describing briefly the course we have just 
concluded at the Case School of Applied Science; 
third, the full-time training programs in opera- 
tion this summer; and finally, the important 
topic of recruiting students for training. 

One of the encouraging aspects of our national 
war effort has been the farsighted planning and 
energetic activity of the nation’s scientists, 
both in initiating war research and in supervising 
the development and production of the many 
devices which are resulting from this research. 
While most of us may only guess concerning the 


* Presented at the A.A.P.T. and S.P.E.E. joint sym- 
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Fic. 3. (a) The circuit; (d) time 
variation of voltage. 


toward L a quarter-cycle before the voltage reverses; that 
is, the current always leads the applied voltage by a 
quarter-cycle. 


The method of “‘oral calculus” has the ad- 
vantage of following through the details of a 
process, leading to a more thorough understand- 
ing of the topic. It has one tremendous dis- 
advantage, namely, it is time consuming. It also 
requires close attention on the part of the stu- 
dent, which is wearisome; one important function 
of the summaries, which are an essential part of 
the method, is to provide the student with a 
relaxation from the strain. 


activities of the physicists associated with the 
Office of Scientific Research and Development, 
the National Defense Research Committee, the 
National Research Council and the National 
Academy of Sciences, we are all personally 
acquainted with many of these men and can 
realize in this way the caliber of their work. 
The acute shortage of physicists itself gauges 
the magnitude of their efforts. 

While many of our best physicists early saw 
the necessity of an effective, coordinated re- 
search program, others foresaw the shortage of 
trained personnel for such a program and im- 
mediately took steps to alleviate it. Both the 
physics section of ESMDT and the American 
Institute of Physics have furnished much en- 
couragement and excellent advice concerning the 
recruiting and training of physicists and have 
suggested specialized courses and training pro- 
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TRAINING IN 
grams to be offered under ESMDT which would 
train more physicists to help staff the expanding 
war research projects. 

On the basis of these suggestions, several in- 
stitutions offered to serve as training centers 
in acoustics and in particular to conduct full- 
time programs during the summer of 1942. 
Professor J. Kaplan of the University of Cali- 
fornia at Los Angeles was designated chairman, 
or coordinator, for the group. At present four 
such centers are engaged in training men in 
acoustics. These centers are favorably located 
geographically and are at institutions that have 
long offered advanced training in this branch of 
physics; at Brown University, directed by 
Professor R. B. Lindsay; at the State University 
of Iowa, supervised by Professor G. W. Stewart; 
at the University of California at Los Angeles, 
directed by Professor J. Kaplan; and at Case 
School of Applied Science, under the author’s 
direction in the absence of Professor Shankland, 
who is serving elsewhere in war work. 

If these special training programs will attract 
the liberal arts college graduates with a science 
major, or the physicists and engineers in non- 
defense industries, a prospect of partially satis- 
fying the need of the research groups exists. 
In addition, the training programs supply a 
fundamental background which is necessary to 
secure maximum usefulness from these recruits. 

With the exception of Case, all of the courses 
were offered for the first time this summer. 
Through excellent cooperation from the heads of 
physics departments at the liberal arts colleges of 
northern Ohio, we found possible to conduct a 
part-time program during the winter semester 
of 1942. The nucleus of our group consisted of 
20 liberal arts college seniors, all physics majors, 
from northern Ohio colleges. Six men from the 
Cleveland industrial area and six Case senior and 
first-year graduate students in physics com- 
pleted the group. To accommodate the maximum 
number it was found necessary to meet on 
Saturdays. In general, the morning session of 
three hours, with one or two short intermissions, 
was devoted to lectures, and the afternoon ses- 
sion of similar length was given to laboratory 
and demonstration work. 

For purposes of description our course might 
be divided into three parts, namely, funda- 
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mentals of acoustics, electroacoustics and super- 
sonics. Slightly more than half of the time was 
devoted to fundamentals of acoustics. During 
this interval attention was given to the general 
theory of free, damped and forced oscillations, 
coupled oscillators and relaxation oscillations. 
The various methods available for the produc- 
tion of sound were discussed. Particular at- 
tention was given to the propagation of sound 
in gases, liquids and solids, including the funda- 
mentals of the motion of plane and spherical 
waves. The topics of attenuation, scattering, 
reflection and refraction were included. In 
harmonic analysis, the Fourier theorem was 
treated quite completely and the analysis of 
sound waves and pulses by means of the Henrici 
analyzer was demonstrated. Sound ranging 
technics received some attention. Two after- 
noon sessions were devoted to architectural 
acoustics. Mr. H. A. Erf, of the Erf Acoustical 
Company, Cleveland, gave the lectures and 
demonstrations associated with this portion of 
the course. 

J. R. Martin, Associate Professor of Electrical 
Engineering, and consultant in electroacoustics, 
was in charge of the three-week period devoted 
to the latter subject. The fundamental facts 
about acoustic transducers, such as distortion, 
frequency response and the physiological factors 
involved, were first presented. The design and 
construction of amplifiers and oscillators re- 
ceived considerable attention. A factual, prac- 
tical study of microphones and loudspeakers of 
all types concluded this portion of the work. 

The last four weeks were devoted to super- 
sonics. Mr. E. C. Gregg, Jr., Instructor in 
Physics, was in charge of organizing this ma- 
terial. The theory of piezoelectricity, and the 
fundamentals of quartz and Rochelle salt 
oscillators received initial attention. Magneto- 
striction and magnetostriction oscillators were 
next discussed. Finally, careful attention was 
given to the propagation of supersonic waves in 
various mediums, especially considering intensity 
and frequency measurements, dispersion and 
effects of high intensity supersonic waves. 

The six Case students in physics who were 
associated with the winter training program had 
previously completed a one-semester course in 
acoustics and therefore chose to work on labora- 








Fic. 1. High power magnetostriction oscillator. 


tory projects and research, principally in the 
field of supersonics. Two graduate students 
undertook the design and construction of a 
high power magnetostriction oscillator (Fig. 1). 
This will be used for research and demonstration 
purposes in the field of supersonic waves of 
high intensity and moderately low frequency. 
Another graduate student, working with a 
quartz crystal oscillator of moderate power, 
made a study of the optical effects of both 
progressive and stationary waves in liquids. 
This project was concluded by a_ successful 
demonstration before the entire class of many 
of these effects in benzene, chloroform and 
carbon tetrachloride. 

One senior thesis project involved the design 
and construction of a low power quartz crystal 
oscillator, vacuum-tube voltmeter and supersonic 
interferometer for the study of attenuation of 
supersonic waves in liquids. An excellent demon- 
stration of velocity measurements with this 
equipment was conducted before the class and 
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preliminary studies of absorption were made. 
Figure 2 shows an assembly of this equipment. 

Two seniors chose to construct a variable- 
frequency oscillator and a video amplifier for 
studies of the propagation of supersonic waves 
in gases (Fig. 3). A Rochelle salt crystal was 
excited by the oscillator and the sound waves 
were picked up by another similar crystal and 
its output amplified by the video amplifier. 

Twenty-two students completed the entire 
course satisfactorily, while several others left 
the course early in the semester to take full- 
time training in meteorology and communica- 
tions. Without exception, those who completed 
the course are engaged in significant work in 
physics. Several are filling a few of the large gaps 
in the graduate assistant ranks of universities. 
The largest group is now at the Radiation 
Laboratory of the Massachusetts Institute of 
Technology, and another group is scattered 
along the East Coast engaged in acoustical work. 
Several men are engaged in acoustical research 
for industrial concerns which are full-time 
producers of war goods, and others are now 
members of the electronics battalion of the 
signal corps. . 

I would like to say a little concerning the full- 
time summer training programs. 

The summer course planned for Case was not 
given there because of lack of enrolment. The 
University of Iowa had an enrolment of 18 for 
its intensive four-weeks training program; the 
enrollees came from industry, or were teachers, 
graduate students or recent college graduates. 
At the University of California at Los Angeles 
20 students were enrolled. A very intensive 





Fic. 2. Equipment for studying attenuation of supersonic 
waves in liquids. 
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recruiting program was conducted in order to 
secure this number of good prospects; one 
response was secured for approximately every 
50 letters mailed. The registrants seemed to be 
better than average students in physics and 
engineering. At Brown University the registra- 
tion was 25. Of these, seven were Brown graduate 
students specializing in acoustics, five were 1942 
college graduates in physics or mathematics and 
seven were previous college graduates now en- 
gaged in graduate study or industrial work. 
The Signal Corps Development Laboratory at 
Fort Monmouth received authorization to ap- 
point ten men for employment and to have them 
take the acoustics course at Brown 
reporting to the Laboratory. 

Thus there were about 50 successful comple- 
tions after the summer training. Adding to this 
the 22 completions at Case, it is apparent that a 
small but finite contribution has been made 
toward reducing the shortage of physicists. 

Finally, I would like to touch on a most im- 
portant feature of the work: the problem of 
finding recruits for training and placing them 
after training where the most good will result. 
It is the definite opinion of those responsible 
for these programs that more men could be 
secured for war research in physics if satisfactory 
applicants were hired under Civil Service or 
were made officer candidates of the Army or 
Navy before training began, final appointment 
or commission being contingent upon satisfactory 
completion of the course. However, this alone 
will not satisfy the demand for physicists and 
therefore a much larger source must be created 
or discovered. Few additional physics students 
can be drawn from the student bodies of engi- 
neering colleges because of the large demand for 
engineers in all branches. It seems probable that 
the physics departments of all liberal arts 
colleges could enlarge the supply of physicists 
by means of an enthusiastic, maintained program 
to interest good students in this vital field. One 


before 


example along this line which has come to our 


attention is the letter sent by the Princeton 

University authorities to undergraduates, ex- 

plaining the desirability of study in physics. 
Recent activities of several members of the 
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Fic. 3. Apparatus for studies of the propagation of super- 
sonic waves in gases. 


American Association of Physics Teachers in 
encouraging secondary schools to amplify their 
science programs and in campaigning for better 
teaching of these courses should be highly com- 
mended. We need an exceptional expansion of 
our endeavors along this line. The currently 
proposed retraining program for secondary 
school physics teachers offers an excellent op- 
portunity to encourage a real interest in this 
vital profession of ours. 

An excellent proposal has been made which 
would improve the results of recruiting and 
somewhat alleviate the cutthroat competition 
now existing among the various agencies seeking 
men. A scientific procurement agency should be 
established which would have the job of serving 
all civilian and military organizations. An active, 
wide-awake agency would discover many candi- 
dates for training and some for immediate em- 
ployment. Further, this agency should have the 
responsibility of apportioning the available men 
according to the need. This would eliminate some 
of the increasingly difficult problems experienced 
by those engaged in training physicists. It is 
possible that such an agency might be formed by 
the War Manpower Commission with the 
National Roster of Scientific and Specialized 
Personnel as a nucleus. 

In conclusion I wish to express my apprecia- 
tion to Professors Stewart, Lindsay and Kaplan, 
and to Dean Homer L. Dodge for their excellent 
cooperation in furnishing statistics concerning 
the training courses and for the suggestions 
offered by them. 





Readjustments of Physics Teaching to the Needs of Wartime 


A Report Prepared for the U. S. Office of Education by a Special Committee of 
the American Association of Physics Teachers 


I 


HE problem of adjusting physics courses to 

war needs is mainly one of finding ways 
to overcome the lag in general education in the 
sciences behind the evolution of the sciences 
themselves. Although we are supposed to be a 
technically minded country, the fact is that the 
number of citizens who possess even a modicum 
of genuine training in physics and its applications 
—much less a real understanding of them—is 
almost insignificantly small in view of the 
demands of the present emergency. This is 
despite the fact which has long been apparent 
among thoughtful people that the tested methods 
and technics of physical science must eventually 
come to be regarded as indispensable in solving 
many of the crucial problems of living. 

So far as the war effort is concerned, the 
stupendous educational problem is to impart to 
enormous numbers of men and women the com- 
petence to deal with the specialized and often 
almost unbelievably intricate war equipment 
now in use or under production. This means 
training, and the nature of modern equipment is 
such that this training must go far beyond the 
mere operation of machines. Anyone who is 
familiar with the various technical service schools 
now in progress or under development knows 
that the great task, in most of them, is to teach 
students, in large groups and in the shortest 
possible time, sufficient physics to enable them 
to grasp the operating principles of the mecha- 
nisms which they must employ, to recognize 
symptoms of correct and of faulty operation, and 
to analyze the character and source of faults 
when they arise. Those who are in possession of 
the facts agree that a real bottleneck in the 
American war effort lies in technical training 
involving physics. 

To estimate the probable future demand for 
military, industrial and research personnel par- 
tially or highly trained in physics is admittedly 
difficult, for only the outlines of many of the 
problems present themselves. This is due partly 


to requirements of secrecy, partly to the rapidity 
of development and growth of the war effort, 
and partly to changing aspects from day to day 
as military plans make their impacts upon 
industry and our other institutions. However, it 
has been estimated by the American Institute of 
Physics that the shortage in highly trained 
physicists for the coming year is at least 2000. 
(In comparison, The American Physical Society 
has about 4000 members at the present time.) 
The shortage of graduate engineers who must 
have basic training in physics is known to be 
acute. The needs of the armed services show very 
great discrepancies between supply and demand. 

As an instance, one may deduce certain figures 
from the fact that by the end of 1943 the Army 
alone expects to have 165,000 airplanes available. 
Some of these airplanes will require crews of 
nine, others only a pilot. Yet, adding the tech- 
nical ground officers and men, one sees that from 
500,000 to 750,000 men will be needed whose 
necessary training will vary from a few weeks of 
intensive technical education to several years of 
physics, mathematics and engineering. These 
figures are based on the most recent “‘cut-to-the- 
bone”’ educational requirements as published by 
the Air Forces, and not on peacetime standards, 
which are much stricter. It must not be forgotten 
that lowering the standards to get more personnel 
results in increased casualties among men and 
materiel—that the ideal is to have men who can 
keep their equipment functioning under all 
circumstances, rather than simply to pour in 
more men and materials to fill the gaps. At 
least 20 percent of the aforementioned half- 
million men should have two years of college 
work involving physics and mathematics. These 
men are the communications officers, the arma- 
ment officers, the meteorologists and related 
technical personnel, for all of whom one of the 
Army admission requirements is at least one 
year of college physics. 

Similar figures are encountered when one con- 
siders the plans of the other branches of the 
Army and Navy, the needs of industry and 
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research, and the demands of other sciences and 
professions related to physical sciences. Perhaps 
the most striking example of all is furnished by 
one of the relatively small branches of the armed 
services, which will try to obtain, by the end of 
the present year, 5000 officer candidates, at least 
3000 of whom should be college physics majors 
and 2000 of whom should have had some back- 
ground in physics. This same branch desires 
another 20,000 men with some physics training 
for enlistment in the ranks. Merely to find 
enough qualified teachers for so large a group is 
in itself a formidable problem. 

The training of women in physics takes on 
similar importance in view of the current tend- 
ency to place women in laboratory and testing 
work so as to release men for more active war 
work. Moreover, it is reported that the Army 
plans to enlist many women trained in physics 
in the WAAC. 

Physics departments in this war must therefore 
recruit as many students as possible, who have 
reasonable aptitude, and train them as rapidly 
as possible. Whether we like it or not, all of us 
—all college departments and administrators— 
must come to recognize that the task here is 
different from that in some other fields in which 
no such immediacy exists. The simple truth is 
that, in this war for survival, it is crucial to give 
as many people as possible an adequate training 
in physics and mathematics and their applica- 
tions. As a prominent English spokesman has 
said, 100 research physicists can mean the 
difference between victory and defeat. 


II 


To find out more specifically how college de- 
partments of physics might adjust their offering 
to meet current needs, a number of experienced 
physicists,!| chosen at random among those 


1 Brian O’Brien, University of Rochester; L 
Bridge, University of Rochester and Massachusetts Insti- 


. A. Du- 


tute of Technology; Ross Gunn, U. S. Naval Research 
Laboratory; G. R. Harrison, Massachusetts Institute of 
Technology; Elmer Hutchisson, University of Pittsburgh; 
Paul E. Klopsteg, Central Scientific Company; A. A, 
Knowlton, Reed College; O. T. Koppius, University of 
Kentucky: Louise McDowell, Wellesley College; W. H. 
Michener, Carnegie Institute of Technology; Leonard O. 
Olsen, Case School of Applied Science; Leigh Page, Yale 
University; Arthur E. Ruark, University of North Caro- 
lina; Alpheus W. Smith, Ohio State University; G. W. 
Stewart, University of Iowa; L. W. Taylor, Oberlin 
College; A. G. Worthing, University of Pittsburgh. 
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known to be well acquainted with college 
problems, and also with the war needs, were 
asked these questions: 


Is it practicable, advisable or necessary, 

(a) To set up certain curriculums in which courses in 
physics and mathematics are taken largely to the exclusion 
of anything else in the interests of saving time? 

(b) To change the emphasis in existing curriculums so 
as to stress one field of physics at the expense of others? 

(c) To change the emphasis within courses from one 
phase of the subject to another, particularly in the ele- 
mentary course? 


The responses were remarkably uniform and 
consistent in their recommendations. The answers 
to question (a) were in most cases definitely in 
the affirmative, but usually with the implicit 
recognition that this extraordinary concentration 
on physics and mathematics for so many students 
is strictly a wartime measure, although an abso- 
lutely essential one. In fact, a number of colleges 
have already set up special accelerated programs 
for the production of people with substantial 
training in physics, cases in point being Cornell 
University and Northwestern University. 

The agreement is of course general that there 
is no magic short cut to genuine accomplishment 
in the field—that very short courses can be jus- 
tified only if they serve specific needs. This 
means that one should have a fairly definite idea 
of the kind of work for which the group is to be 
prepared and that the short courses intended for 
it should be ‘‘tailor-made.”’ In the absence of 
such specifications, many institutions may find 
it possible to prepare shortened curriculums in 
the light of local conditions. A good example of 
this is the group of midday courses arranged at 
Reed College for students working on the swing 
shift in the shipyards and other local defense 
industries. 

Evidently, better methods should be devised 
for recruiting students for these accelerated 
courses; for, despite a serious shortage of physics 
teachers in the country as a whole, some insti- 
tutions report that the enrolments in existing 
accelerated courses have not yet reached ca- 
pacity. A main difficulty lies in adequate financial 
support for the students. There is also evidence 
that high school senior students and entering 
college freshmen have not in all cases been 
supplied with the facts concerning the most 
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pressing needs and requirements of the armed 
services. 

In response to question (b), most of the 
physicists felt that a very few intermediate and 
advanced courses—for example, nuclear physics 
and astrophysics—could well be replaced tem- 
porarily by courses in electromagnetism, micro- 
waves, electronics, applied mechanics, and so 
forth. However, most advanced courses are the 
product of many years of development and 
experience in the successful training of physicists; 
these courses are already confined to fundamental 
aspects of the field and are about as condensed 
as it is possible to make them without omitting 
valuable material. Another argument against too 
much shift of emphasis lies in the fact that it is 
difficult to predict the trend of war needs. 
Today, the single most important field is perhaps 
electricity; in another year, it may conceivably 
be mechanics. 

With regard to question (c), the majority felt 
that a drastic change of emphasis within existing 
courses is unnecessary, and that this is particu- 
larly true of the introductory course in general 
physics. For example, the best minimum prepa- 
ration for students who wish to meet the physics 
requirements of the Navy V-1 program appears 
to be a type of course that is already available 
in hundreds of American colleges: namely, a 
one-year course with laboratory, requiring a 
knowledge of trigonometry and covering the 
fundamentals of all the main branches of ele- 
mentary physics. Certainly a special effort should 
be made to bring the student as close as possible 
to concrete situations, to afford training in the 
application of physical principles, and to include 
much more laboratory work in all the courses 
than has heretofore seemed practicable. Doubt- 
less, a few minor topics could be omitted here 
and there in favor of some added emphasis on 
applied mechanics and the newer developments 
in electricity. Numerous minor changes in illus- 
trative material and examples will suggest them- 
selves to any teacher who has become thoroughly 
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imbued with the idea that, as long as this 
struggle continues, the science of physics must 
be regarded as an essential tool of war. As for the 
core material, little change in emphasis is pos- 
sible. The introductory course has been under 
pressure for years to shrink its material, while at 
the same time the science has been growing tre- 
mendously; consequently, there is little or no 
core material left that can be safely deleted. 


Ill 


The recommendations of this committee can 
be summarized in the following points: 


(1) As an emergency measure, it is highly desirable for 
colleges and universities to set up accelerated courses in 
physics. Specific goals should be kept in mind, and courses 
should be made to fit the purposes viewed. There is, 
however, no short cut to general proficiency in the field. 

(2) Change of emphasis in the field of physics is only 
partially possible. Certain courses may be temporarily dis- 
continued, and some shift of emphasis within courses is 
possible, but on the whole this cannot affect more than a 
small percentage of the material offered. Practical labora- 
tory work should be emphasized. 

(3) Increased emphasis on recruiting is imperative. 


In the college year of 1942-43 particularly, 
physics departments must take the initi&tive and 
responsibility in attempts to effect the enrolment 
of all men and women who have the required 
aptitude for physics. Nor should they hesitate 
to present their case to any college or school 
administrator who is willing to consider the facts. 
It is quite obvious that by no combination of 
circumstances will enough people be trained in 
this field to satisfy the mounting demands of an 
Army and Navy making the fullest possible use 
of the technical resources of this nation. 


Tuomas D. Cope, University of Pennsylvania 

HoMER L. DopGe, University of Oklahoma 

K. LarK-Horovitz, Purdue University 

DUANE ROLLER, Hunter College and staff of 
NDRC 

H. M. TryttTen, Chairman, University of Pitts- 

burgh and staff of NDRC 


Liberal Arts colleges, the suggestion has been made that college physics departments might be willing to finance the 
distribution of additional copies to school authorities and civic organizations in their respective localities. For this purpose 


departments may purchase reprints at cost, provided the order reaches us not later than October 15, 1942 —THE EptTor. 
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NOTES AND DISCUSSION 


Demonstration of Mercury Ripples 


J. A. ELDRIDGE 
University of Iowa, Iowa City, Iowa 


NTERFERENCE and other wave phenomena are 

frequently demonstrated by means of ripples on the 
surface of mercury. A bare arc 10 in. from the mercury 
surface serves as a satisfactory point source, and a lens 
is used to form an image of the ripples on a screen. The 
lens also forms, at a distance of a few inches from it, a 
reduced image of the arc. If a sheet of cardboard with a 
hole in it about the size of the arc image is placed at this 
point, a much clearer ripple pattern is formed on the screen. 
The reason is that the diaphragm permits the passage of 
light reflected from the nearly horizontal portions of the 
mercury ripples but blocks off that from the more steeply 
inclined portions. 

Interference is commonly illustrated with ripples from 
wires fastened to the two prongs of a tuning fork of fre- 
quency 100 cycle/sec or less. A variation of this method is 
to use two forks of the same frequency, each equipped 
with a single wire, so that the distance between the sources 
can be easily varied. Now a class question: What will 
happen if the frequency of one source is changed slightly 
by adding a little wax to the fork? When this is done, the 
projected pattern gradually alters, as beats change the 
nodes to antinodes. This brings out the point that in 
beats, except when the two sources are very close together, 
there is never a complete elimination of intensity every- 
where but only a displacement in space of the regions of 
zero intensity. 


Do You Return Examination Papers and 
Laboratory Reports to the Students? 


RusseELt D. MILLER 
Iowa State College, Ames, Iowa 


BELIEVE it is generally conceded that a good ex- 

amination is one which not only does a good job of 
testing the results of one’s teaching, but also functions well 
as a teaching instrument. Many times, however, I feel 
that many of us lose sight of this latter possibility and 
use our examinations for the purpose of determining 
grades only. 

It is also believed by many that much good teaching 
may be accomplished after the examination is over by a 
careful study of the mistakes and a frank discussion with 
the students of the questions missed. To get some idea 
of the benefits derived by such a discussion, the writer 
made the following test. 

The same examination, consisting of 20 questions, was 
given to 90 students in four equally divided sections of 
our course in Agricultural. physics. All the papers were 
graded and were returned to the students. In the case of 
two of the sections, which included approximately one- 
half the students and will be referred to as Group 1, the 


papers were returned at the end of the next meeting without 
comment. To the remaining students—Group 2—the 
papers were returned at the beginning of the following 
hour, and the ten questions most generally missed were 
reviewed and discussed in detail, although in as short a 
time as possible. One week later these ten questions were 
again given to all sections with the mere statement that 
they were the ones most generally missed in the previous 
examination. 

The results of the test were as follows. The total number 
of incorrect answers given to the ten questions by Group 1 
in the first examination was 82. The number missed by this 
same group in the second examination was 39, or 47.7 per- 
cent of the number missed in the first examination. 

For Group 2, the total number of incorrect answers to 
the ten questions in the first examination was 96. The 
number missed by this group in the second examination was 
19, or 19.7 percent of those missed in the first examination. 

The differences between these two percentages is sig- 
nificant and would seem to be well worth the small ex- 
penditure of time required to review and discuss the 
examination questions. The fact that Group 1 missed 
less than half as many questions in the second examina- 
tion as in the first, even though the questions were not 
discussed in class, probably indicates that many looked 
over their papers and profited by the markings. One 
wonders if a good chance for teaching is not missed when 
examination papers and laboratory reports are read by 
the instructor and then not returned to the students at all. 


Some Problems of the ESMDT Institutional 
Representative 


C. A. MCKEEMAN 
Case School of Applied Science, Cleveland, Ohio 


HE ESMDT program presents a variety of problems 
to the coordinator or director of the work in the 
individual institutions. Since the program was established 
primarily to aid industry, the initial question which must 
be answered concerning any particular course is, ‘‘Does 
industry need it?” In certain instances an answer is ob- 
tained readily; in others, a considerable survey may be 
required. In many cases the training requirements ob- 
viously are determined by the immediate needs of the 
industries in a given area. Shortages of technical or semi- 
technical workers at some future time are more difficult 
to estimate. Experience in some areas has shown that 
individual companies, confronted as they are with problems 
of production, are prone to disregard labor shortages that 
may occur at some future time. Then the institution serving 
the area must be prepared to predict training needs. 
Usually, when the various factors involved are discussed 
with company personnel officers, an agreement is reached 
relative to training needs for several months hence. 
A specific example of this practice occurred in a small 
city near Cleveland where a number of industries nones- 
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sential to the war had become established. Although these 
industries as a whole still enjoyed a good business, it was 
becoming evident that within a few months a change to 
production of war materials would be necessary. Such a 
readjustment entailed much production planning and 
rearrangement of equipment. When this point was dis- 
cussed with company representatives, appropriate courses 
were planned for the area and certain key employees 
enrolled in them, with very satisfactory results. 

Adequate classroom and laboratory facilities present 
peculiar problems. Where extremely large programs are in 
operation in many centers under the direction of single 
colleges, mobile laboratories have been constructed.! These 
laboratories have been carefully planned and scheduled for 
the various classes with the result that excellent instruction 
has been made available in localities where permanent 
laboratories could not be justified. In other instances, the 
extension courses have been limited to existing facilities of 
the local high schools and industries. On rare occasions 
excellent high school equipment is available or has been 
made available by the local school boards. Timken Voca- 
tional High School in Canton, Ohio, where Case School of 
Applied Science has conducted classes, possesses equipment 
equivalent to that found in many college laboratories. In 
Ashtabula, Ohio, the school authorities spent several 
thousand dollars to renovate the chemistry laboratory, 
knowing that analytical training was required in that area. 
Much credit for the successful expansion of the Defense 
Training program is due to the fine cooperation of the local 
school authorities. In some instances the local chambers 
of commerce have been of great assistance in securing the 
cooperation of local manufacturers, suggesting instructors 
and obtaining publicity. 

Naturally, one of the most critical problems is to obtain 
qualified instructors. There are many technically trained 
men with the necessary formal educational background and 
industrial experience, but they often lack the personality 
and other inspirational qualities required of a good teacher. 
In this work, particularly, the instructor may break or 
make the course, since the student has no obligation to 
continue and suffers little or no financial loss by dropping 
out. While complete statistics are not yet available for the 
ESMDT program, more than 60 percent of the students 
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Reports on Progress in Physics, Vol. VIII. Ed. by W. 
B. MANn. 372 p., numerous figures, 18X26 cm. Physical 
Society (London), $5.25. Advances in physics up to the 
middle of 1941 are dealt with in this latest volume of a 
series planned mainly to help the physicist to keep himself 
informed of progress in those parts of the field lying out- 
side his own specialty. To produce such a volume under 
present circumstances is no mean accomplishment; as the 
Editor of the series remarks in the Preface, the task of 
soliciting survey articles in war-time “is comparable with 
that of the biblical maker of bricks after a lean wheat 
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enrolled in the EDT program completed the work for which 
they registered. Considering everything, this record should 
be regarded as very satisfactory. 

Owing to the limitations of the Congressional Act, 
certain colleges have been approved for Defense Training 
while others have not. I would be remiss not to mention 
the cordial working relations which have been built up 
between the approved colleges and those not approved. 
For example, Youngstown College, which is located in one 
of the largest steel centers of the country, has been giving 
technical courses for years but, because it does not grant 
an engineering degree, could not qualify for EDT work. 
Case School of Applied Science was therefore invited to 
offer extension courses in Youngstown, and the facilities 
of Youngstown College were made available. The latter 
institution did the survey and promotional work and also 
selected the instructors, subject to approval. The result 
was extremely satisfactory to the heavy industry of the 
area and to the local college, which lost none of its identity 
in giving the service so badly needed. More recently, the 
need for training radio technicians has expanded this 
practice, and the present fiscal year should see still more 
of this sort of cooperation. 

Not the least of the various problems is the procurement 
of supplies and equipment. Because of the high priorities 
required for optical and electrical materials, particularly 
meters and certain radio devices, it has been extremely 
difficult to provide adequate laboratory instruction in these 
fields. This difficulty, which has taxed the ingenuity of all 
concerned, has been solved locally in many novel ways. 
One instructor, hard pressed to obtain various radio parts, 
advertised in the local paper for radios. In no time, he had 
more than he could use. For an expenditure of about 
fifteen dollars and the labor of dismantling and testing, he 
obtained enough tubes and condensers to stock his 
laboratory for several years to come. 

Although many of the problems presented by the 
ESMDT program are perplexing and even annoying, it is 
made worth while by the knowledge that the time and 
energy spent by all who are engaged in this work constitute 
a real contribution to the war effort. I am sure that this is 
an opportunity which none of us would miss. 


1 See, for example, M. W. White, Am. J. Phys. 9, 361 (1941). 





year.”” The fourteen reports—six of them by American 
physicists—are as follows: The teaching of theoretical physics 
in universities, M. BORN; The theory of the specific heat of 
solids, M. BLACKMAN; High speed centrifuging, J. W. 
Beams; Applications of spectroscopy to combustion, A. G. 
Gaypbon; Friction between solid bodies, R. SCHNURMANN; 
The general physical constants, R. T. BiRGE; Recent tele- 
vision developments, V. K. ZWORYKIN and R. E. SHELBY; 
Instrumental technic in astrophysics, A. HUNTER; Disper- 
sion in the far infra-red, L. KELLNER; The M. I. T. wave- 
length project, G. R. HARRISON; Molecular electronic spectra, 
dispersion and polarization, R. S. MULLIKEN and C. A. 
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RECENT PUBLICATIONS 


RIEKE; Symmetry properties of nuclear levels, E. P. WIGNER 
and E. FEENBERG; Photometry, H. BuCKLEy; Discharge 
phenomena in gases, R. W. Lunt, A. VON ENGEL and J. 
M. MEEK. Included with each report is a comprehensive 
bibliography. Volumes III, V, VI and VII of this series 
are also still available [see Am. J. Phys. 9, 316 (1941) ]. 
Orders may be sent to the American Institute of Physics, 
175 Fifth Avenue, New York, New York. 


The Identification of Molecular Spectra. R. W. B. 
PEARSE, Lecturer in Physics, and A. G. GAypon, Lever- 
hulme Research Fellow, Imperial College of Science and 
Technology. 228 p., 8 plates, 18X27 cm. Wiley, $8. 
Although some books on the theory of molecular spectra 
include collections of molecular constants, it has heretofore 
remained necessary to search through source papers or to 
make tedious calculations of the positions of bands from 
the tables of derived constants in order to identify a given 
system of bands. The present tables list the wave-lengths 
of the heads of band systems, together with such informa- 
tion about known band spectra as assist in their identifica- 
tion. An attempt has been made to include all recorded 
systems of diatomic molecules, but only those of triatomic 
and more complex molecules that show well-defined band 
structure and are of frequent occurrence in spectroscopic 
investigations. The region of wave-lengths covered extends 
from about 10,000 to 2000A. The wave-length tables are in 
two parts: (1) a list of the strongest heads of the more 
persistent and better known band systems of each molecule 
in order of wave-length, together with information as to 
origin, intensity in various sources and appearance; (2) in- 
dividual lists of band heads for each system of each mole- 
cule, with notes on the occurrence and appearance of the 
system, the electronic transition involved, the vibrational 
assignment of the bands in the system, and references to 
the sources of the data. Also included in the book are a 
number of excellent photographs of frequently encountered 
band systems, several tables of auxiliary data and a set of 
practical hints on matters of identification that are not 
usually mentioned in the textbooks. In the light of their 
experiences in obtaining adequate information from the 
literature, the authors suggest that papers reporting new 
band systems would be more useful if they always included 
a brief description of the appearance of the system, with 
wave-lengths and intensities of the strongest heads, com- 
ments on the sources employed and, if possible, a photo- 
graph with a wave-length scale or comparison spectrum. 


GENERAL PHYSICS 


University Physics. F. C. CHampion, Lecturer in Physics, 
University of London. 14.5 X22 cm. Part I, General physics, 
157 p., $1.50; Part II, Heat, 148 p., $1.50; Part III, Light, 
172 p., $1.50; Part 1V, Wave motion and sound, 67 p., $1.65. 
Interscience Publishers. This series of five textbooks— 
including one on electricity which has not yet been pub- 
lished—was designed originally for use in preparing for 
examinations of the type of Part I of the Natural Science 
Tripos at Cambridge and also for intermediate students 
who have had school physics and elementary calculus. 
The treatment is concise and clear, and is embellished 
with numerous diagrams and lists of problems. Since the 
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material treated in the books is basic and classical in 
character, “‘the time and energy of the lecturer can be 
devoted to the detailed elucidation of difficult points, apt 
illustrations and demonstrations, the discussion of essays 
and exercises done by the student, and the exercise of 


personality to engender an enthusiasm without which a 
subject remains ‘dry bones.’”’ 


SURVEY COURSES 

Physics. W. F. G. Swann, Director of the Bartol Re- 
search Foundation, with the assistance of IRA M. FREEMAN. 
285 p., 94 fig., 1422 cm. Wiley, $1.75. This is one of six 
brief textbooks prepared under the editorship of GERALD 
WENDT and covering physics, chemistry, the earth sciences, 
astronomy, biology and ‘‘the body functions.’’ The books 
are units in themselves but professedly ‘‘may be combined 
in any number and in almost any order to form a compre- 
hensive and liberal course in science.’’ Unlike the unit on 
astronomy, which one reviewer characterized as a ‘‘com- 
pendium of facts” [Am. J. Phys. 9, 384 (1941) ], this unit 
on physics deals with facts mainly insofar as they provide 
a basis for the operation of ideas; consequently, the treat- 
ment closely approaches an ideal set by the editor of the 
series—‘‘to present what is most needed for broad under- 
standing, to omit all that is likely to be forgotten in any 
case, ....” In the first quarter of the text the methods 
of thought employed in physics are elucidated in a general 
discussion of such topics as the fundamental principles of 
mechanics, motion, work and mechanical energy, and heat 
and mechanical energy. Then, ‘‘in the hope that the details 
will have greater significance . . . when viewed in the 
light of this background,” the author provides 12 brief 
chapters that cover the traditional branches of elementary 
physics. Finally, there is an appendix which contains a 
review of simple mathematical principles, a glossary of 
physical terms and a bibliography of recommended books. 
Elementary mathematics is used in the treatment wherever 
it is really needed, but lists of problems are not included. 
The book should prove to be exceedingly useful as collateral 
reading for any beginning course in physics, and actual 
trial in the classroom may well show that it also represents 
a type of book that is highly suitable as a basic text for a 
survey course. 

BIOGRAPHY 

Doctor Wood—Modern Wizard of the Laboratory. 
WILLIAM SEABROOK. 349 p., 15 fig., 1522 cm: Harcourt, 
Brace, $3.75. This informal and cleverly written “‘story of 
an American small boy who became the most daring and 
original experimental physicist of our day—but never grew 
up” should provide good entertainment and even a degree 
of reassurance to young students who aspire to physics 
as a career. The account is replete with anecdotes, including 
all the familiar ones, and with extensive quotations from 
PROFESSOR Woon’s ‘‘notes”’ and from his many conversa- 
tions with the author —D. H. D. R. 


ASTRONOMY 
The Harvard Books on Astronomy. Edited by HARLow 
SHAPLEY and Bart J. Box. 14.5 21.5 cm. Blakiston, $2.50 
per volume. Written and edited by members of the Harvard 
Observatory Staff, the nine little books comprising this 
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RECENT 


series are admirably designed to provide beginning students 
and amateur astronomers with a reliable and up-to-date 
survey of modern astronomy. There is a great need for 
more elementary reference books of this sort-—monographs 
written by specialists in their respective fields, providing 
authentic treatments that are only semipopular in char- 
acter, yet copiously illustrated and showing consideration 
for the needs and interests of serious-minded beginners. 
The following four books of the projected series are now 
available: 

Earth, Moon and Planets. FRED L. WHIPPLE. 299 p., 
140 fig. The story of the planets and their atmospheres, of 
their origin, evolution and motion. A table and chart are 
included that enable one to locate directly the planets in 
the sky at any time from the present through 1970. 

Between the Planets. FLETCHER G. WATSON. 227 p., 106 
fig. The past history of comets, the crystalline structure of 
meteorites, the motion and number of asteroids, meteor 
showers and the formation of meteor craters; the inter- 
relationships of the several varieties of bodies, and their 
possible origins in relation to the formation of the planetary 
system. 

The Story of Variable Stars. LEON CAMPBELL and LUIGI 
JaccuiA. 231 p., 82 fig. The technic of observation, pulsat- 
ing stars, the red variables, explosive stars, erratic stars 
and stellar eclipses. 

The Milky Way. Bart J. Bok and PrisciLia F. Box. 
209 p., 93 fig. The advances made in the exploration of the 
Milky Way; the dust and gas in interstellar space, the com- 
positions and dimensions of star clusters, and the problems 
related to the past and future of our galaxy. 


CHEMISTRY 


Introduction to Semimicro Qualitative Chemical Analy- 
sis. Louis J. CURTMAN, Professor of Chemistry, The Col- 
lege of the City of New York. 387 p., 39 fig., 14 tables, 
14X22 cm. Macmillan, $2.75. Theory and laboratory work 
are coordinated in this combined textbook and laboratory 
manual for a one-semester course in semimicro qualitative 
analysis for students of chemistry, medicine, agriculture 
and engineering. 


Elementary Physical Chemistry. MERLE RANDALL, Pro- 
fessor of Chemistry, University of California, and LEONA 
EsTHER YouNG, Professor of Chemistry, Mills College. 
469 p., many tables and illustrations, 1623 cm. Randall 
and Sons (2512 Etna St., Berkeley, Calif.), photolith 
reproduction, cloth bound, $4.50. Covering the normal 
content of a three- to six-semester hour course in modern- 
ized classical physical chemistry, this textbook is designed 
to bridge the gap between the freshman chemistry course 
and Lewis and RANDALL’s Thermodynamics and the free 
energy of chemical substances. It employs the same notation 
as the more advanced work and contains much that is 
introductory to the latter but without appreciably dupli- 
cating it. The book should prove to be useful not only in 
a formal course but for self-study and review purposes. 


RADIO 


Dictionary of Radio and Television Terms. RALPH 
STRANGER. 259 p., 14X22 cm. Chemical Publishing Co., 





PUBLICATIONS 


$2.50. Prepared in England and employing British spellings 
and forms, this very simplified dictionary of radio, tele- 
vision and related terms is designed to provide quick 
reference for students who have little or no acquaintance 
with the elements of physics. 


Fundamentals of Radio. Ed. by W. L. Everitt, Pro- 
fessor of Electrical Engineering, Ohio State University. 
413 p., many illustrations, 15X23 cm. Prentice-Hall, $4. 
The need for basic textbooks in teaching radio courses on 
the lower level became particularly apparent with the 
introduction of the accelerated training of technicians for 
the Armed Forces. This book presents an outline of the 
communication field for those who have had little training 
in mathematics and physics beyond school courses. The 
material is readable and teachable and is well arranged. 
It begins with an introduction to arithmetic, algebra, 
trigonometry, logarithms, vectors and graphs. This is 
followed by fundamentals of direct and alternating current 
circuits, principles of electronics, and radio communica- 
tions. The discussions are illustrated with numerous 
diagrams among which are complete wiring diagrams of 
transmitters and receivers. The latter, often lacking in 
other texts, are of particular value for teaching the practical 
aspects of radio. The book covers 16 topics, some of which 
could have been conveniently omitted and others given 
more emphasis. As a result the coverage of some subjects 
is definitely inadequate. In general, however, the text is 
quite suitable for the training of Army and Navy tech- 
nicians, for use in the ESMWT courses, and as an intro- 
ductory text in colleges offering more advanced work in 
the field.—S. P. S. 2 


MISCELLANEOUS BOOKS 


Science and Man. Ed. by RutH N. ANSHEN. 494 p. 
Harcourt. Twenty-four sober and sobering essays by world 
authorities—philosophers and humanists as well as sci- 
entists—with keen individual insights into the profoundest 
problems of our scientific civilization. Its scope is indicated 
by the captions of the sections: Science and the universe; 
Science, its materials, methods and ends; Science and 
society; Science and internationalism; Science and the 


individual.—M. C. S. 


X-Ray Crystallography. M. J. BuUERGER, Associate Pro- 
fessor of Mineralogy and Crystallography, Massachusetts 
Institute of Technology. 553 p., 252 fig., 34 tables, 1525 
cm. Wiley, $6.50. Students wishing to pursue the subject 
of x-ray crystallography have in the past had to rely mainly 
on source literature and instructors for guidance, as no 
connected and detailed textbook treatment of the subject 
has been available. The present book on the investigation 
of crystals by their diffraction of monochromatic x-rays 
fills this need. Some of the topics treated are original and 
many others are adequately treated here for the first time. 
The main emphasis is on the highly important and con- 
venient moving-film methods, but there are also chapters 
on the rotating- and oscillating-crystal procedures. Intro- 
ductory material is included that should be of help to the 


student who has comparatively little background in the 
field. 
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A Demonstration of the Vaporization of Mercury 


The fact that mercury vapor is a dangerous poison is 
well known, but because its presence is not detectable by 
the senses students seldom realize the urgency of prevent- 
ing spilling and of picking up even very small drops. The 
evaporation of mercury at room temperatures can be 
demonstrated in the following way. A drop of mercury 
the size of a dime is placed in the bottom of a shallow dish. 
It is then completely covered with a fluorescent powder, 
such as zinc or zinc-beryllium silicate or calcium or mag- 
nesium tungstate, which can be excited by the mercury 
line of wave-length 2537A. When the powder is brought 
near to a source of ultraviolet light of this frequency— 
a 4- or 8-w germicidal lamp is satisfactory—the surface 
glows but dark shadows are seen to pass across it. These 
shadows are caused by absorption of the 2537A radiation 
from the lamp by the vapor from the mercury beneath the 
powder. Gentle air currents increase the motion of the 
shadows; a stronger puff clears away the vapor momen- 
tarily, so that the surface glows uniformly, but in a second 
or two the shadows return, showing that the evaporation 
of the mercury is continuing. 

The effect can be enhanced if the mercury and powder 
are well mixed in a mortar, so as to disperse the mercury 
into smaller drops of greater total surface. A better method 
is to put about 5 gm of the phosphor and a small drop of 
mercury, not more than 2 mm in diameter, into a 10-cm? 
glass bulb, which is then evacuated and sealed off. The 
bulb is heated in a furnace to 450° or 500°C to vaporize 
the mercury; upon cooling, the mercury condenses on the 
powder in very fine droplets.—H. C. FRoeticu, J. Chem. 
Ed. 19, 314 (1942). J. Dee. 


Physicists After the War 


In a recent address before the Institute of Physics 
(London), Sir Lawrence Bragg asserted that the oncoming 
age will require many scientific workers to continue as 
technologists into which they had to turn themselves in 
these war years, and he suggested that the present training 
of physicists will need considerable modification to pro- 
duce more men suitable for this purpose. Many are familiar 
with the type of graduate who knows all about the con- 
stitution of the atom but cannot read a vernier scale or 
perform a simple exercise in mensuration. Industry wants 
physicists who have some idea how thick a piece of copper 
wire has to be to carry 100 amp. 

The Planning Committee of the Institute of Physics, of 
which Sir Lawrence is Chairman, is examining the whole 
question of the training of physicists after the War, and a 
memorandum on such training has been prepared with the 
view of provoking open discussion. Among the proposals 
under examination is a project for the continual inter- 
change of physics students and staff from the universities 
with corresponding personnel from industrial and Govern- 
ment laboratories.—ANON., Nature 149, 634 (1942). D.R. 
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Science and Liberalism 


The scientific thinker stands midway between the dog- 
matist who entertains no doubts at all about the validity 
of his views and the extreme skeptic who believes nothing. 
The liberal thinker stands midway between the extreme 
conservative who holds strictly to the status quo and the 
extreme radical who sees little or no good in the present. 
Democracy is the institutional expression of liberalism, 
midway between total authoritarianism and anarchy. 

Science without liberalism leads to efficiency conceived 
in narrow, materialistic terms—but an efficiency coldly 
silent about human values and ultimate goals for either 
the individual or society. It leads to a philosophy of 
survival of the strongest and the luckiest. Science without 
liberalism would lead us quickly to disaster, while liberalism 
without science might bring us more slowly to decay. 
Given the two concepts, dominant together, our people 
can find strength and happiness. Scientists have a large 
responsibility to help bring together the principles of 
science and those of democracy—to revitalize democracy 
as a dynamic pattern of social organization within which 
all may find opportunity and justice. Up to now they have 
scarcely taken the trouble. A great deal depends upon 
whether they do so in the future while there is time.— 
C. E. KELLOGG, Sci. Mo. 55, 76-82 (1942). D..R. 


A Relativity Query 


The deflection of light rays passing near the sun and the 
advance of Mercury’s perihelion—small effects predicted 
by Einstein’s theory of gravitation but previously un- 
known—are given very simply by the Fermat principle 
and the principle of least action, respectively. Let r and 6 
be two-dimensional polar coordinates. Then, an applica- 
tion of the Fermat principle, 


6 f [1+ (rd6/dr)? }idr =0, (1) 
gives the straight line, and an application of least action, 
5S L(2km/r) — C}L1 + (rd@/dr)2 }idr =0 (2) 
gives the ellipse. Now suppose that the medium is slightly 
anisotropic and write 
[n2+ (nedr@/dr)? }idr 
for the element of optical length, where 
n,=ng? = (1 — (2km/rc?) J 
and c is the speed of light. Then Eq. (1) becomes 
6S [n2+ (nerd@/dr)? }idr =0 (3) 
and Eq. (2) becomes 
6S [(2km/r) — C}i[n2+ (nerd6/dr)2 }idr = 0. (4) 


Equations (3) and (4), respectively, give exactly the paths 
predicted by Einstein for the light ray and the planet in the 
sun’s gravitational field. It is the slight anisotropy of the 
medium that constitutes the difference between Newton 
and Einstein. The author remarks that while this seemingly 
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important derivation probably has appeared elsewhere, he 


knows of no reference to it—R. A. Houstoun, Nature 150, 
25 (1942). D.R. 


Science Courses in General Education 


It is characteristic of most traditional science courses 
that the primary aim has been to train specialists. This is 
as true of the first, general course as of graduate courses. 
In a subject that is so complex and that is expanding so 
rapidly it would seem to be imperative for the specialist 
to begin his training as early as possible and to devote 
the major portion of his time to it; yet, as a consequence, 
he fails to develop the breadth of background and of 
perspective that a potential leader in society should have. 

In recent years, there has been an increasing number of 
students who have no intention of becoming scientists 
but who recognize the contributions of science to modern 
life and therefore wish to make some firsthand acquaint- 
ance with it. Many teachers recognize that the needs of 
such students ought to be met but feel that the traditional 
type of course is unsatisfactory for this purpose and could 
be improved. 

There are two types of courses now widely offered: 
courses in particular sciences that are specifically designed 
for the nonspecialist, and survey courses which are intended 
to integrate material taken from all of the sciences. In 
choosing among them it is necessary first to decide what 
is meant by general education. Of the many attempts made 
to answer this question, none seems adequate; indeed, no 
final answer is possible, for changing conditions require 
corresponding modification of any tentative answer. A 
second problem—the possible contribution of a given 
science to general education—cannot be solved until the 
objectives of a course for nonspecialists have been estab- 
lished. Such objectives as the development of the ability 
to think critically, familiarity with facts, principles and 
concepts, an understanding of how science contributes to 
the solution of problems of living and creates others, have 
been proposed. All need further investigation. 

Another difficulty in planning a course for nonspecialists 
is the lack of suitable basic textbooks and, particularly, of 
material for collateral reading. The latter material at 
present is either too technical or too popular. Another 
problem is the development of tests to measure the out- 
comes of education. A major problem is that of personnel; 
it is hard to find good scientists who have also a sufficiently 
broad background and wide interests. Such men, if found, 
are difficult to keep, owing to the present lack of recogni- 
tion of teaching ability and success as distinguished from 
productivity in pure research.—T. A. AsKFrorp, J. Chem. 
Ed. 19, 260-263 (1942). 5 ee 


Check List of Periodical Literature 

Sir Joseph Larmor, 1857-1942. A. S. Eddington, Nature 
149, 631-633 (1942). 

The instructor’s responsibilities in the learning process. 
B. V. Moore, J. Eng. Ed. 32, 812-818 (1942). Some simple 
rules for learning, formulated by an educational psychologist. 

The Euler-Diderot anecdote. B. H. Brown, Am. Math. 
Mo. 49, 302-303 (1942). The alternatives seem to be: 
(1) a rather pointless incident as told originally by Thié- 
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bault; (2) more probably, a canard, inspired by Frederick 
the Great or by his courtiers. The anecdote as retold by 
DeMorgan and since repeated by many others is absurd. 

Resonance. C. A. Ludeke, J. App. Phys. 13, 418-423 
(1942). A discussion of the conditions for each of the three 
types of resonance possible in systems having one degree 
of freedom. Each type is illustrated with photographs of 
actual models made by a procedure previously described 
by the author [Am. J. Phys. 9, 162 (1941) ]. 

Human trajectories. R. Oldenburger, J. App. Phys. 13, 
460-469 (1942). A study of the possible motions of a person 
in falling through the air; useful for determining suicides. 

Discovery and development of radium at Great Bear 
Lake. C. Camsell, J. Frank. Inst. 233, 545-557 (1942). 

Materials and devices of falling resistance-temperature 
characteristic. R. W. Sillars, J. Sci. Instr. 19, 81-84 (1942). 
A survey article. 

Joseph Henry, pioneer in space communication. W. F. 
Magie, Inst. Radio Eng., Proc. 30, 261-266 (1942). A 
careful analysis of Henry’s scientific work in its historical 
setting, by the person most competent to pronounce upon it. 

The engineer in modern society. A. Van Dyck, Inst. 
Radio Eng., Proc. 30, 305-308 (1942). Suggests Lewis 
Browne's theme, “‘Something went wrong.” 

A technological high command. Anon., Fortune (April, 
1942); reprinted in Inst. Radio Eng., Proc. 30, 309-318 
(1942). A report on the “‘crushing price the United States 
is now paying for the belated technical education of its 
bankers and public servants.” It puts the whole burden of 
“too little and too late’’ upon government agencies. 

Wartime engineering. A. N. Goldsmith, Inst. Radio 
Eng., Proc. 30, 319-328 (1942). A list of primary‘beneficial 
engineering traits, a study of engineering methods of 
attacking research and development problems, and a de- 
scriptive analysis of design procedure for manufacturing. 

Physics. H. Margenau, Development of the sciences (ser. 2, 
Yale Univ. Press, 1941), pp. 91-120. The whole pageant of 
physics from Aristotle to E. O. Lawrence in a style that 
reminds one of the fascinating seventeenth century French 
engraving described elsewhere in this journal [Am. J. Phys. 
7, 379 (1939) ]. 

Application of vector analysis to thermodynamics. J. T. 
Rucker, Am. Math. Mo. 49, 238-242 (1942). 

Ultra-high frequency technic. Electronics 15, 37-68 
(1942). Five papers for the person acquainted with radio 
but unfamiliar with the problems encountered above 
100 megacycle/sec. 

Newer views of Priestley and Lavoisier. P. J. Hartog, 
Ann. of Sci. 5, 1-56 (1941). Both are to be more highly 
regarded than in the past as true scientists imbued with 
the modern spirit. 

Potential energy curves in general chemistry. H. N. 
Alyea, J. Chem. Ed. 19, 337-339 (1942). A suggestive dis- 
cussion of the use and value of some results of quantum 
mechanics in the introductory chemistry course. The forces 
between two electrons and between pairs of several dif- 
ferent types of atom are accounted for in terms of the 
appropriate potential energy curves. The curves are also 
applied to the energy changes that accompany chemical 
reactions. 
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